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Abstract

Existence of critical renormalization group trajectory for a hierarchical Ising model in 4 dimensions is shown. After
70 iterations of renormalization group transformations, the critical Ising model is mapped into a vicinity of the
Gaussian fixed point. Convergence of the subsequent trajectory to the Gaussian fixed point is shown by power decay
of the effective coupling constant. The analysis in the strong coupling regime is computer-aided and Newman’s
inequalities on truncated correlations are used to give mathematical rigor to the numerical bounds. In order to
obtain a criterion for convergence to the Gaussian fixed point, characteristic functions and Newman’s inequalities
are systematically used.

1 Introduction and main result.

Dyson’s Hierarchical spin system is an equilibrium statistical mechanical system defined as follows [4, 16,
3, 6, 14]. Let A be a positive integer, and denote the 2" variables (spin variables) ¢y, Hamiltonian Hy,
and the expectation values (-), respectively, by
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where h is a single spin measure density normalized as

/Rh(m)d:c =1.

In the following, we shall fix the so far arbitrary normalization of the spin variables by

1

1



Hierarchical models are so designed that the block-spin renormalization group transformation R has a
simple form. In fact, R is a non-linear transformation of functions on R, defined as follows. Define the
block spins ¢’ by

C
Q%r = % Z ¢T01 y T = (TAfla "'77—1)'
01=0,1

If a function F(¢) depends on ¢ through ¢’ only, namely, if there is a function F’(¢’) on the block spins
such that

then it holds that

(F)an = (F')a—1,%n

where

Rh(z) = const. exp(ng) /R h(—= 4+ y)h(—= —y)dy, v € R. (1.2)

/e

Sl

Note that
1
ha(z) = const. exp(—1x2) (1.3)

is a fixed point of R, which we shall refer to as the density function of the massless Gaussian measure. By
looking into the asymptotics of e.g., susceptibility for the hierarchical massless Gaussian model defined by
(1.3), and comparing it with that of standard nearest neighbor massless Gaussian models on d-dimensional
regular lattice, we see that the dimensionality d of the system may be identified (at least for the Gaussian
fixed point) as

1

_ 9l-2/d
: (6=

(2% —1)). (1.4)
We shall extend the correspondences to hierarchical models with arbitrary measures, and use the termi-
nology d-dimensional hierarchical models whenever (1.4) holds.

Asymptotic properties of the renormalization group trajectories

hy =RNhg, N=0,1,2,---, (1.5)

are extensively investigated in a ‘weak coupling regime’ i.e., in a ‘neighborhood’ of h¢ [16, 3, 6, 7, 8]. In
particular, it is known that, if d > 4, then there are no non-Gaussian fixed points in a ‘neighborhood’
of hg, and that a ‘continuum limit’ constructed from a critical trajectory with an initial function in a
‘neighborhood’ of h¢ is trivial (Gaussian).

However, in order to study asymptotic properties of strongly coupled models, we have to analyze
trajectories (1.5) with initial functions in a ‘strong coupling regime’ far away from the Gaussian fixed
point.

As a typical example, we consider in this paper the hierarchical Ising model, which is defined by the
Ising spin measure density parameterized by s > 0:

1
his(x) = 5((5(:10—5)—1—6(30—1—5)), (1.6)
which may be regarded as a strong coupling limit of the ¢* measures:
h,a(7) = const. exp(—puz® — Azt), p=—2Xs% A — oco.

Here and in the following, we use the standard notation d(z — s) dx denoting a probability measure with
unit mass on a single point z = s. Hierarchical Ising model has an infinite volume limit A — o0, if 0 < ¢ < 2
(d > 0), and has a phase transition, if 1 <c¢ <2 (d > 2) [4].

It has been widely believed without proof that the hierarchical Ising model in d > 4 dimensions has a
critical trajectory converging to the Gaussian fixed point and that the ‘continuum limit’ of the hierarchical



Ising model in d > 4 dimensions will be trivial. In this paper, we prove this fact. In the present analysis,
it is crucial that the critical Ising model is mapped into a weak coupling regime after a small number of
renormalization group transformations (in fact, 70 iterations for d = 4). Moreover, using a framework
essentially different from that of [16, 7], we see in the weak coupling regime that the ‘effective coupling
constant’ of a critical model decays as ¢1/(N + c2) after N iterations in d = 4 dimensions (exponentially
for d > 4). Our framework in the weak coupling regime is designed especially for a critical trajectory
starting at the strong coupling regime so that the criterion of convergence to the Gaussian fixed point can
be checked numerically with mathematical rigor.

Corresponding results, triviality of ¢} spin model on regular lattice (‘full model’), are much far harder,
and a proof of triviality of Ising model on 4 dimensional regular lattice is, though widly believed, still open.
We should here note the excellent and hard works of [9, 10] where the existence of critical trajectory in
the weak coupling regime (near Gaussian fixed point; ‘weak triviality’) is solved by rigorous block spin
renormalization group transformation.

Our main theorem is the following:

Theorem 1.1 Ifd > 4 (i.e. ¢ > +/2), there exists a ‘critical trajectory’ converging to the Gaussian fized
point starting from the hierarchical Ising models. Namely, there exists a positive real number s. such that
if hy, N =0,1,2,---, are defined by (1.5) with ho = hr1s,, then the sequence of measures hy(x)dz,
N =0,1,2,---, converges weakly to the massless Gaussian measure hg(zx)dz.

Remark. Our proof is partially computer-aided and shows for d = 4 that

Se € [1.7925671170092624, 1.7925671170092625).

In the following sections, we give a proof of Theorem 1.1. We will concentrate on the case d = 4, since the
cases d > 4 can be proved along similar lines (with weaker bounds).

2 Strategy.

The proof of Theorem 1.1 is decomposed into two parts: Theorem 2.1(analysis in the weak coupling regime)
and Theorem 2.2 (analysis in the strong coupling regime). They are stated in Section 2.3, and their proofs
are given in Section 4 and Section 5, respectively. Theorem 1.1 is proved at the end of this section assuming
them.

(1) In Theorem 2.1, we control the renormalization group flow in a weak coupling regime by means of a
finite number of truncated correlations (Taylor coefficients of logarithm of characteristic functions),
and, in terms of the truncated correlations, we give a criterion, a set of sufficient conditions, for the
measure to be in a domain of attraction of the Gaussian fixed point.

(2) In Theorem 2.2, we prove, by rigorous computer-aided calculations, that there is a trajectory whose
initial point is an Ising measure and for which the criterion in Theorem 2.1 is satisfied after a small
number of iterations.

The first part (Theorem 2.1) is essentially the Bleher-Sinai argument [1, 2, 16]. However, the criteria
introduced in the references [16, 7] seem to be difficult to handle when ‘strong coupling constants’ are
present in the model, as in the Ising models. In order to overcome this difficulty, we use characteristic
functions of single spin distributions and Newman’s inequalities for truncated correlations.

The second part (Theorem 2.2) is basically simple numerical calculations of truncated correlations up
to 8 points to ensure the criterion. The results are double checked by Mathematica and C++ programs, and
furthermore they are made mathematically rigorous by means of Newman’s inequalities.

It should be noted that rigorous computer-aided proofs are employed in [14] to Dyson’s hierarchical
model in d = 3 dimensions, to prove, with [13], an existence of a non-Gaussian fixed point. (The ‘physics’
are of course different between d = 3 and d = 4.) We also focus on a complete mathematical proof, by
combining rigorous computer-aided bounds with mathematical methods such as Newman’s inequalities and
the Bleher—Sinai arguments.



2.1 Characteristic function.

Denote the characteristic function of the single spin distribution hy as
hn(€) = Fhn(€) = / eV hy (z) da . (2.1)
R

The renormalization group transformation for hy is

hny1 = FRF ‘hy, (2.2)
which has a decomposition
FRF '=TS, (2.3)
where
So(e) = o (2.4
T(e) = const. exp(~2 A)g(e) (25)
and the constant is so defined that
Tg(0)=1.

The transformation (2.2) has same form as the N = 2 case of the Gallavotti hierarchical model [5, 11,
12]. Note that only for N = 2 the Gallavotti model is equivalent (by Fourier transform) to the Dyson’s
hierarchical model.

We introduce a ‘potential’ Viy for the characteristic function h ~ and its Taylor coefficients i, y by

hn(€) = e ™, (2.6)
VN(E) = D ma g™ (2.7)

(Note that hy(0) = 1.) The coefficient i,  is called a truncated n point correlation. They are functions
of Ising parameter s in hg = hy s, but to simplify expressions, we will always suppress the dependences on
s in the following.

In particular, for the initial condition hg = hr s, we have

ho(€) = his(€) = Fhy +(€) = cos(s),
1

45

ms 5 etc.,

1
2 4 6
H2,0 = 58 y M40 = 758, M6,0 = S, Ug,0 =

12
and
hi(z) = Rhy s(z) = const. (eﬁcszm{é(:ﬂ —svc)+6(x+sve)} + 25(x)) ,
~ 1

hi(§) = H-—k(l + kcos(v/cs€)), with k= efes’/2.
k k
po1 =kl paq = E(?k‘ _ 1)527 fig.1 = %(16]{72 13k 4 1)537
— L(272k3 —297k* + 60k — 1)¢*, etc., with ¢ = _cst
H81 = 9520 , ete., R

2.2 Newman’s inequalities.

The function Vy has a remarkable positivity property and its Taylor coefficients obey Newman’s inequalities
(for a brief review of relevant part, see Appendix A):

1
0< Hon, N < E(2M4>N)n/2a n= 3,43 Sy (28)



These inequalities follow from [15, Theorem 3, 6], since we have chosen the Ising spin distribution hg = hy s
and the function of 1 defined by

N
/enth(ac)d:c = <exp <77<£) Z¢9>> (2.9)
2 N,h
0 Jhrs
has only pure imaginary zeros as is shown in [15, Theorem 1]. Note also that (1.2) and (1.6) imply
M2n+1,N ZO, n:O,l,Z,--- . (2.10)
The bounds (2.8) are extensively used in this paper. We here note the following facts:
(1) The right hand side of (2.7) has a nonzero radius of convergence.

(2) Tt suffices to prove A}im tta,y = 0 in order to ensure that 1o, n, 7 > 3, converges to zero, hence the
—00

trajectory converges to the Gaussian fixed point.

2.3 Proof of Theorem 1.1.

Let ho = hy,s and d = 4. Note the following simple observations on the ‘mass term’ pg n, which is the
variance of hy(z) dz.

(1) po,n is continuous in the Ising parameter s, because hy(x)dx is a result of a finite number of
renormalization group transformation (1.2).

(2) peo,n is increasing in s, vanishes at s = 0, and diverges as s — oo.
We then put, for N =0,1,2,---,
sy = inf{s>0]puon > 1}, (2.11)

. . 3
Sy = inf{s > 0] po,n > min{l + E/M,N, 2+ \/5}} (2.12)

Obviously, we have
0<sy <5y <oo.

Note also that

3
1< H2,N <1l+ EH&N
holds for s € [s y,5n]. As is seen in Section 4, (2.13) is necessary for the model to be critical. We call this
a critical mass condition.

The following theorem states our result in the weak coupling regime and is proved in Section 4.

(2.13)

Theorem 2.1 Let hg = hy s and d = 4. Assume that there exist integers Ny and Ny, satisfying No < Ny,
such that, for s € [s y,,5N,], the bounds

0 < pan, < 0.0045, (2.14)
L6pin, < men, < 6.07u3 N, (2.15)
0 < psn, < 4846945 (2.16)
and
pon <2+V2, No<N <Ny, (2.17)

hold. Then there exists an s. € [s y,,5 n,] such that if s = s. then

]\IILIHOO pa,N =0,

li =1.
Nl—I>noo H2,N



Remark. The original Bleher—Sinai argument takes Ny = N;. We include the Ny < N; case which makes
it possible to complete our proof by evaluating various quantities only at 2 endpoints of the interval in
consideration for Ising parameter s, instead of all values in the interval, as is implicit in the assumptions
of Theorem 2.1. This point will be clarified at the end of Section 5.3.

0.0045

Ho

Figure 1. A schematic view of trajectories on (s, u4)-plane in Theorem 2.1. Trajectories for s = §n,
and for s = s 5, (solid lines) and the critical trajectory for s = s. (broken line) are shown. The Gaussian
fixed point corresponds to the point (1.0,0). The region defined by inequalities for (ue, ps) analogous to
(2.13) and (2.14) (and (2.17)) is shaded.

The following theorem states our result in the strong coupling regime and is proved in Section 5.

Theorem 2.2 The assumptions of Theorem 2.1 are satisfied for No = 70 and N1 = 100, where s 5, and
SN, satisfy

1.7925671170092624 < s ,, SN, < 1.7925671170092625 .

Proof of Theorem 1.1 for d = 4 assuming Theorem 2.1 and Theorem 2.2.
Theorem 2.1 and Theorem 2.2 imply that there exists s. € [s y,,5 n,] such that, for s = s, A}im pan =0
—00

and A}im p2,ny = 1lhold. Then (2.6), (2.7), and (2.8) imply
— 00

lim hn(¢) =e €,

N—o0

uniformly in £ on any closed interval in R. It is easy to see that ¢~€ is the characteristic function of the
massless Gaussian measure hg , hence Theorem 1.1 holds for d = 4.
The bounds on s y, and 3y, in Theorem 2.2 imply

1.7925671170092624 < s. < 1.7925671170092625.



3 Truncated correlations.

In this section, we prepare basic (recursive) bounds on the truncated correlations that will be used in
Section 4. The renormalization group transformation is decomposed as (2.3). Since the mapping S is
simple, the essential part of our work is an analysis of 7. The consequence in this section is Proposition 3.1.

3.1 Recursions.

Note first that in terms of Vy the mapping S can be expressed as

\/Z
(Sev) (¢) = e 2 (59), (3.)
Using (2.7), (2.10), (1.4) we also have
o)
c
2y (Y76 = Do 2 e (32
n=1
Next, write (2.5) as
Tg = const.gg/a, gr = exp(—tA)g, (3.3)
2
where Ag(€) = %(f)’ and 3 = 2(v/2—1) for d = 4. g; is a solution to
Igt
— =-A =g.
8t gt Y gO g

Hence, if we put

then V; satisfies

d
EV} - (VV;:)Q - AVvt ) (34)
Vi o .
where VV,(§) = 8—§(£) In other words, V1 is given as a solution of (3.4) at t = /2 (modulo constant
term), with the initial condition (3.2) at ¢ = 0.

If we write
Vi(§) =) nan(t)E™",
n=0

then (3.4) implies

n

d

gpHan(t) = —(2n +2)(2n + Dpna(t) + ;(25)(% — 204 2)p2e(t) pon—2042(t). (3.5)
In particular, we have .
Dty = apat)? ~ 1200, (3.6)
Dpua(t) = 16us(t)palt) — 30p6(0), (37)
Lrus(t) = 2pa(D)ao(t) +16(1)” — 56us(r), (39)
Sos(t) = B2ua(t)us(t) + A8pa(t)po(t) — 90p10(0). (39)
Thus, pon,n and pon, n41 are related for d = 4 by e.g.,
1 1 1 1

0) =— s 0) =- s 0) = ——=pue,nN, 0)=— )
12(0) Nolaal pa(0) JHaN 16 (0) W s (0) 5 Hs.N

_ B B B B
M2, N1 = uz(g), Ha N1 = u4(§), e, N+1 = M6(§)7 U8 N1 = us(g).



3.2 Bounds.

We first note that the quantities p,(t) obey Newman’s inequalities: by comparing (2.5) and (3.3) we see
that the correspondence Viy — V (t) is obtained by a replacement 3 +— 2t in (1.2). Therefore u,(t) also is
a truncated n point correlation of a measure to which arguments in [15] apply, hence an analogue of (2.8)
holds:

1
0 < pin(t) < —(2palt )2, n=3,4,5,---. (3.10)

We have to show decay of ps n as N — oco. In case d > 4, the decay follows from (3.6) and (3.7) with
d-dependent coefficients, namely, if we throw out the negative contributions —pu4(t) and —ug(t) to the right
hand sides of (3.6) and (3.7), respectively, then we have upper bounds on p2(t) and p4(t). This argument
eventually yields exponential decay of pu4 .

In case d = 4, the situation is more subtle, since the decay of p4 n is weak, i.e., powerlike instead of
exponential. In order to derive the delicate bound on p4(t), a lower bound for ps(t) must be incorporated,
which in turn needs an upper bound on usg(t). Thus, we have to deal with the equations (3.6)—(3.9). This
is the principle of our estimation.

The result is the following:

Proposition 3.1 Let d =4 and N be a positive integer, and put
1 1

N - 7 (3.11)
1—(V2=1D(paen—1) V2—(V2-Dpan
2 -1 1
v = Vw1l . (3.12)
\/§M2,N H2,N \/§M2,N
(i) If
pan <24 V2, (3.13)
then
Mo N+1 < TNHU2,N (3.14)
P2 Nt+1 > TNHaN — STNCNIAN - (3.15)
(i) If, furthermore,
15
MZN > 8\/—CNM6 N + CNN4 N (3.16)
1 123 7
gf/JX + 2(NM4 N = 24pd N+ 8—\/§C]2\7M4,N,U6,N + gCN,UB,Na (3.17)
45
= > 1205 pc v+ —=C3 , 3.18
2<Nﬂ47N > CN Mg N 8\/§CNN6}N (3.18)
then
2 3 2 15
paN+1 < rnpeN — 3y (Cnvpan — 8Cnpy N — —=CNH6N ), (3.19)
42
15
> rd - = —21¢% 13 ), 3.20
pant1 > ry(Han 2\/§CNM6,N CnHaN) (3.20)
15
pans1 < ry(pan — FCNMG,N - 21(12\1#421,1\/
705
2\/—@\1#4 Ne,N + 4ATCR N + QNM8 N), (3:21)
He, N
A < S HeN oy 3.22
16, N+1 R 7 (NHEN), (3.22)
M6, N 3 3 123 o
A > 4 — 192 _ = _7 , 3.23
[46,N+1 N (—= Ve Cvpa N — 192CR ] v \/§CN,U'4,N,U'6,N (N8, N) (3.23)
12
ps, N1 < TN(MT’N + ECNM,NMG,N + 24C% 14 ) (3.24)



The rest of this section is devoted to a proof of Proposition 3.1.
Proof. Now, observe that fi(t) defined by
d 1

i) = 42t 2 (0) = sy

is an upper bound of ps(t):

_ H2,N 1
t) < t) = — .
,U'Q()—:LLQ() \/5 1_2\/§M2,Nt

2-1
This, at t = g (= \/_4 for d = 4) implies (3.14).
Put
1
Mt) = ———
Q 1-— 2\/§M2,Nt
mt) = m(t) - mlt).

We have m(t) > 0, and (3.13) implies that M(t) is increasing in ¢ € [0, 5/2].
By a change of variable z = M (t) — 1 (dz = 2v/2ug M (t)?dt) and by putting

m(z) =m(t)/M (), jia(2) = pa(t)/M (), fis(2) = ne(t)/M(8)°, fis(2) = ps(t)/M(2)°,

we have, from (3.6) — (3.9),

R P4, N 1 PP >
fa(z) = — + / (—=8m(2)pis(z) — 154is(2))dz,
4 \/E,UQ,N 0
. 6, N 1 % o 2 P .
fiole) = B [ ()~ 12 (z) — 28s(2)) .
8v/2 \/ﬁ,uz,zv 0
. 18, N 1 A . NPT .
inz) = LN (2404(=)fio(2) — 161(2)jis (=) — D5prio(2))dz,
32 V2uan Jo
1 z
(z) = / (6ia(2) — 2m(2)2)dz,
\/§M2,N 0
The equations (3.27)—(3.30) with positivity of pa,(t) imply
ia(z) < B
U6 N 1 ? e, N 13 N
g(z) < M | sineras < Bex L,
8V2  V2uan Jo 8V2  2V2us N
18, N 1 - ps.N | Bpanpen | 3Hin
i3(2) < —/—+ 2440y (2)phe(2)dz < ot SRS, 4 DI R
i) < e o | 2wy < Lty Shande R
1 # 34, N
m(z) < 7/ 6pia(z)dz < ———=z.
V2ua.n Jo 2v/2p2, N
In particular, (3.34) at t = g (z = M(ﬁ) —1=12r, —1 for d = 4) implies (3.15).
Using (3.31), (3.32), (3.34) in (3.27), we have
. paN  15pe N 2103 N
> AN N N2,
E) 2 T T T By
Using (3.32), (3.33), (3.34), (3.35) in (3.28) and (3.30) we further have
Jio(2) 16, N 13 N L 1243 B 123pa,Npe,N o ThsN ;
TO8V2  2V2uen \/5/1%71\7 16\/§M%}N 8V2ua N
. 3pa, N 6#421,N 3 456N o

z— 23— z
2v2p0, N \/EMS,N 16\/5/13,1\/

)

(3.25)

(3.26)

(3.27)
(3.28)
(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)



g

-1
When d =4, § = and z = M(§) —1=V2ry -1 (M(g) = V/2ry). Then the assumptions

(3.16) — (3.18) of Proposition 3.1 imply that the right hand sides of (3.35), (3.36), and (3.37) are non-

negative at t = = . On the other hand, they are concave in z for z > 0. Recall also that z = M(t) — 1

is increasing in ¢ € [0, 3/2]. Therefore, they are non-negative for all ¢ € [0, 3/2]. Using (3.35), (3.36), and
(3.37) in (3.27), we therefore have

. 4, N 1
fia(z) < —— - X
4 \/§M2,N
X/z 8 34, N L 6#421,N B 456, N 2 PaN 15MG,NZ_ 21#421,1\/22
0 2V2ue N V2N 16V2u3 4 16pan. 8ui y
+15 Hio, N + Mi’N z— 12/&’1\[ 23— 123014, v 16, 22— ThsN z dz
8V2  2V2uan V24 16v/243 8v/241, v
15 213 705 44713 105
< H4N MG,NZ_ N24,Nzg+ M4,1?YM6,N23+ ,“44,NZ4+ NJQB,NZQ. (3.3%)
4 16p2, N 813 N 32u5 N 1645 325 N

Recalling that at t = 3/2 (z = M(g) —1=+2ry — 1) we have

ﬂg(g) = TNH2N,

poner = rpey — (Vo ~ MOy,
pvn = (Ve M)

porn = Hs(vary ~ M),

psvi = ds(VEry ~ )M,

we see that (3.37), (3.35), (3.38), (3.32), (3.36), (3.33) imply (3.19) — (3.24), respectively.
This completes a proof of Proposition 3.1. a

4 Bleher—Sinai argument.

In order to show Theorem 2.1, we confirm existence of a critical parameter s = s. by means of Bleher-
Sinai argument, and, at the same time, we derive the expected decay of ji4 n. In Bleher-Sinai argument,
monotonicity of sy and Sy with respect to IV is essential.

Proposition 4.1 Let d = 4. Then the following hold.

(]) If/.LQJ\/ -1 < 0 then /,LQ,NJ’_l < /.L27N .
? ‘U, ‘U, en ‘U, /1, N -
] Q,N - \/— 4,N 2,N+1 - 27

Proof. Note that for both cases in the statement, the assumption (3.13) in Proposition 3.1 holds. Hence,
(3.14), with (3.11) and monotonicity of pg n, implies

o N —1<0 = v <1 = pony1 < HonN- (4.1)
Next we see that (3.15), with (3.11) and (3.12), implies

o N — 1 > 37"N(\/§7"N -1)

pan (2= v2)u3 = H2N+1 Z f2.N - (4.2)
; 2,N

10



Put

Then by straightforward calculation we see

5 3
1<z<- = L <Li(l)=—
<z<y 1(7) < La(1) 7
and (3.11) implies
3rn(vV2ry — 1
Li(pan) = 1\/(—1\/2)
(2- \/§)H2,N
Therefore (4.2) implies that
! > 1> 3 = > (4.3)
1 H2,N =z \/E,U4,N H2,N+1 = H2,N - .

Corollary 4.2 Let d =4. Then, for the s defined in (2.11), it holds that s y < 55,1 -

Proof. Since pg v is increaisng in s, if s < s 5 then pg x < 1, hence Proposition 4.1 implies pio y11 < p2,n <
1, further implying s < s 5, ; . Hence the statement holds. O

For later convenience, define

. 1
™ = 2 3 ) (4.4)
1-(v2-1)—
( )\/§M4,N
1
N o= 1——, 45
Gen 7 (4.5)
N Vors —1
(v = \/_ N3 ) (4.6)
21+ —
( \/EM‘l,N)
Then we see that if (2.13) holds, then we have, from (3.11) and (3.12),
1 < rv < 7y, (4.7
GN < (v < (N (4.8)

Proposition 4.3 Let d =4 and put
ap = 0.0045, a1 =1.6, as =6.07, az=48.469.

Assume that there exists an integer N such that (3.13) and

(0 <) pan < ag, (4.9)
opin < peN S 0opy, (4.10)
0 <) psn < sy, (4.11)

hold. Then (3.16)-(3.18) hold, and the following also hold:

(0 <) paner < pan(l—0.08usn) (<o), (4.12)
alﬂi,N+1 < pe N+l = 042#?1,N+17 (4.13)
0 <) pen1 < Qapdyig (4.14)

11



Proof. For x > 0 put

to(z) = SN
1—(\/5—1)$x
fd(lL') = 1—%,
lu(z) = M)g_l,
Ly(z) = 1—(21—55a2£u(x)+21£u(x)2)x. (4.15)

In particular, (4.4), (4.5), (4.6) imply
v =L (pan), CGnN =La(pan), (N = Llu(pa,n).
By explicit calculation, we see that
Lo(z) >0, 0<z<a. (4.16)
The right hand side of (3.16) is then bounded from above by

1 1
Z,U4,N(1 — Lo(pan)) < TH4aN

hence (3.16) holds. Similarly, (3.18) is seen to hold for 0 < ps n < ay, if we note that the right hand side
of (3.18) is bounded from above by

45 3 3
2 c(12¢y + a 1-L <
CN#4,N( (N 8\/§<N 2) < 4( 2(fha, N ) pha, N ,U4N

The condition (3.17) is seen to hold with similar argument, if we note the right hand side is bounded from
above by

123 7

3 24 2 i s
(v N (24CN + 8\/§CN042 + 8043),
while the left hand side is bounded from below by
12
+
(8\/— CN)
Therefore, the conclusions of Proposition 3.1 hold, in particular, (3.20)—(3.24) imply
faN+1 > TNHaN (1 - (ECNCYQ + 21¢3% ) pa N) (4.17)
N+ = N M4, 2\/5 N s )
L4 N+1 4 15 9 705 105 9
=T L 1—(—= 21 44 4.1
L < (1 (v 20y + (GG + TG + TP Ganidy ) (419
B < (“” ) (—+4<N) (4.19)
Ky N41 Ha,N+1
123
RoN+1 ( Pa.N ) r8; <—+4<N—(192<N+ gNa2+7<Na3),J4,N), (4.20)
Ky N4t Ha,N+1 V2
3
Bt < ( LN ) ( <Na2 + 24<N) (4.21)
K N1 Ha,N+1
Rewriting (4.17), using (4.7) and (4.8), we have
1 1 1
pan L - < Lo (4.22)
Ha,N+1 "™ 1_ o + 212 2( M4, N
(—2\/541\1 2 (R )Ha,N

12



This and (4.19) imply

1
—aan + 44
HoN+1 Nohe ulba.n)

BENny1 L(pa,n)?

By explicit calculation, we see that

1
—ag + 44, (x)

V2

0<zx< - —————— <
ST @ Lo(z)? >

Therefore the upper bound in (4.13) holds.
In a similar way, we note that (4.21) and (4.22) imply

1 12
e p— o + 244, 2
psver _ 2 3t 75 u(pa,N)az u(fa,n)

IS N1 Lo(pa,n)?

By explicit calculation, we see that

1 12
—az + —=Llu(7)ag + 240,(z)?

2° V2

0<r<ay =

Therefore (4.14) holds.
Similarly, from (4.20) and (4.18), we have
H6,N+1
“421,N+1
1

Cr(pa,N)?

o 123
715 + 4la(pan) — (1920, (pan)? + —=Lu(pan) a2 + Tl (pan)a3) e N

V2
2
15 05
_€1L(M4,N)2a3)/j/421}]\]>

>

705 1
1—(—=¢ +21¢ 2 + (—=4, Sag + 4474, 44
( (2\/5 a(pa,N) o d(pa,N)?) pa, N (2\/5 (pa,n )32 (p1a,n) 1

> aq

if 0 < pra,n < ag. Therefore the lower bound in (4.13) holds.
Finally, from (4.18), we have, again with similar argument,

M4, N+1 4 15 )
< 4 1—(—x=/ oy + 214
pan o (pea,n) < (2\/5 a(pa,N) a(pa ) pan
705 105
—I—(mfu(lm,N)?’ag 4 4470, (pa N)* + T%(M,N)QQB)M?;,N)
< 1—0.08uan,
if 0 < pan < ag. Therefore (4.14) holds. .

Corollary 4.4 Let d =4, and assume that for some N the assumptions (4.9) — (4.11) in Proposition 4.3
hold for all s satisfying s y < s <3y, where sy and Sy are defined in (2.11) and (2.12). Then it holds
that SNy1 <35N.

3
Proof. By (4.9), 1 + —=pan <2+ V2, if sy < s <3y . Hence, by (2.12),

V2
§N=inf{8>0|u27]\/21—|—

2}
\/§M4,N 5
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and, from monotonicity of ua n in s, (3.13) holds if s <35y .
Continuity of po y and pg n in s imply

3 . _
M2’N:1+EM47N’ if s=3,.
. 5 . o
(In particular, we may assume that 1 > o n .) Hence Proposition 4.1 implies

3 _
'UQ’N+121+%M4’N7 for s =3y. (4.23)

By assumptions at s = Sy, we see, from Proposition 4.3, that p4 ny1 < pa,n, which, with (4.23),
implies

3
Mo N1 > 1+ —

\/§M4,N+1 .

This proves s y4+1 <35y . O

Proof of Theorem 2.1. Note first that Corollary 4.2 implies
§N§§N+1; N:N17N1+1,N1+2,"" (424)
With assumptions of the theorem and by induction on IV, Proposition 4.3 implies that for any s satisfying
sy, <8 <3n,, the bounds (4.9) — (4.11) hold for N = N; . Hence Corollary 4.4 implies 55,41 < 3, -
Also since s < Sp, implies (3.13) for N = Ny, Proposition 4.3 implies that (4.9) — (4.11) hold for
N=N;+1and sy, 1 <s5<5pn,4+1. We can proceed with induction on N and repeat this argument to
conclude that (4.12) — (4.14) hold for s y < s <3y, N=N;,N1+1,N; +2,---, and
SN+1 <5y, N=N;,Ni+1,N;+2,---. (425)
The bounds (4.24) and (4.25) imply that a sequence of closed intervals on R
[§N1’§N1] 2 [§N1+1a§N1+1] ) [§N1+27§N1+2] D,
is contracting, hence there exists an s., satisfying s 5, < s. <3 n,, such that
§N§SC§§N) N:N17N1+17N1+27”"
Hence, in particular, (4.12) holds for all integer N > Ny at s = s.. This implies
i pay =0,

at s = s..
Also we see that if s = s, then (2.13) holds for all N > N;. Therefore we have

lim =1
N—o0 ‘LL27N ’

at s = s.. This completes a proof of Theorem 2.1. |

5 Strong coupling problem.

We shall prove Theorem 2.2 by (computer-aided) brute force evaluation of the Taylor coefficients of h ~(§)
instead of Vi (£).
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5.1 Taylor expansion.
Define the Taylor coefficients an n, n € Z, of hy by

oo
N 1
hn(€) =D (=1)"—an v (5.1)
n=0
In particular, ag v = iLN(O) = 1. Note also that
an,N >0, n€Z,.
tn, N and a, n are related, e.g., as
a%,N — a2,N a?,N ai,Na2 N = 43 N
U2, N =QA1,N, M4N=—"7"—, HU6N = — + ,
. N 2, 3 2 6
_ 4,y A1 NG2N n as N i 41,N 3N 44N
He.N =7y 2 8 6 24
For Ising measure hg = hy s,
n! d2”iL0 n! n!
no = (1" = 2 hrs(z)de = n Zy . 2
a0 = D Gy gen O (2n)!/x rel@)de = s me Ly (5:2)
Note that one of the Newman inequalities (see (A.6)), or the Gaussian inequalities, imply that
anN < af Ny =py N, NE L. (5.3)
Define b, v, n € Z, by
7 \/E - n 1 n
(Shn)(©) = hn (356 = 3 (~1)" —bo €™
n=0
where S is in (2.4). Then
e\ o (1
by, N = (Z) Z (£> QN Qn—¢,N, N EZLy. (5.4)
£=0
With (5.3) we have,
n
by < (C“;’N) , neZ, (5.5)
Next define a,,n, n € Z4, by
00 m 2m 00
1 ﬂ d 7 n 1 n
~ oy (—§> deShN &)= z%(_l) Ean,Nf2
Then
. = (B\" (2m + 2n)!n!
n = = bm n y S/ y 5.6
@n,N g::o(z N m i) S (5.6)
and (2.5) implies
hnii(€) = . i(—l)ni& NE
+ ao,N “= nl " ’

where we fixed the constant in the definition of 7 by hy41(0) = 1. Comparing this with (5.1) we obtain

a recursion relation in N for a, n:
TLEZ+, N€Z+ (57)

Cln7
An, N+1 = = y
ag,N
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5.2 Truncation.

We will evaluate a finite number, say M, of a, n’s (n = 1,2,---, M) explicitly with aid of computer
calculations, by evaluating a, n, n > M, ‘theoretically’. For this, we need to give bounds of series in (5.4)

and (5.6) in terms of sums of finite terms. The following proposition serves for this purpose.

Proposition 5.1 Let M be a positive integer, and define

bn,N7 bn7N7 n=0,1,2,---,2M,

and
QN an,Ns QnN, Gpn, n=0,1,2,--- M,
inductively in N € Zy, by
_ n!
QAn,0 = An,0 = (2’[‘[,)'82"7 n = O’ ]_,2’ . 7M,
and
" /n
Z <£)Q€,Nﬁn—é,N7 0<n< M,
n
¢ £=0
b =(3) %) T,
Z (£>21,Ngn—e,1v, M < n<2M,
b=n—M
c\" " n
(z) > <5)W,Nan—e,zv, 0<n<M,
B =0
n,N — c\ ™ n\ _ ~ _ cliy, N n
min (Z Z ’ QN Gn—t,N + Abp N, ( 5 ) , M<n<2M,
n—M<e<M
2M—n m
~ »3) (2m + 2n)!n!
QnJV = (_ Zm+n,N | | 1 <n< Ma
m=0 2 m (m+n)(2n)
2M—n m
~ 16} . (2m + 2n)!n! —
= 5) 0 A 0<n<M,
Gn,N mz::O (2 m+n,Nm|(m+n)!(2n)' + Adn, N, n
a _ a
An,N+1 = = y,  Onp N+1 = ~n’N , 1<n<M,
0,N g N
and

where we put

and

Adp, N = 1) 7(&061,1\[)?]”“ N\ amn
' 203 1—20cay n \n M
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If for an integer Ny it holds that

1
a — < NN 1
a17N<2/BC) 0_ = 1, (5 5)
then an N, bn,N, Gn N, N € Zy, N € Zy, defined inductively by (5.2), (5.4), (5.6), (5.7), satisfy, for all
N < Ny,

megbn,Ng n,N » n:O,1,2,~~,2M,
Gpn <lnN<apn, n=0,1,2--- M,
an N < an, N < a/n,]\f; n2071a27"' 7M' (516)

The rest of this subsection is devoted to a proof of this proposition.

Proof. The claimed bounds on a, n in (5.16) hold for N = 0. We proceed by induction on N, and assume
that they hold for N.

By comparing (5.4) with (5.8), and noting that a,, ny are non-negative, we see that the lower bound for
bp,n in (5.16) holds.

Assume for a moment that the upper bound for b, x in (5.16) also holds. Then comparing (5.6) with
(5.10), we see that the lower bound for a, n in (5.16) holds. If the upper bound for @, n also holds, then
(5.7) and (5.12) imply that the bounds for a, y+1 in (5.16) also hold.

Hence we are left with proving the upper bounds for b, x and a, n in (5.16).

Upper bound on b, . Note first that if n < M, then

b, N = (§>n Zz:; (Z) agN an—g,N < (Z)n z": (Z) Ao, N Gn—t,N = by N

£=0

hence b, v < Z_)n,N holds. Also, (5.5) implies

hence it suffices to prove

>dg,N An—¢,N +En,N, M <n<2M. (5.17)

To prove (5.17), first note

Abun = bav—(5)" 3 (Z)al,Nan—é,N

n—M<E<M

< (2)" 3 <Z> AoN An_.N - (5.18)

0<t<n—M or M<t<n
Using the Newman inequalities (A.6) we see that if £ > M
—M
ag,N < M NG-MN < AMN G N - (5.19)

Hence

7 e\ n n—0—M n M
Ab, n < (Z> Z <£>GZ,N amNayy T+ Z <£>GM,N ay N An—t,N
0<é<n—M M<t<n
ca " q n—M-—1 n
S 9 ( l,N) M,N ( ) , (520)
4 a{‘ffN ; Y4
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where we also used (5.5). Write the summation in the right hand side as

n7§:71 n\ n 1+n—M—1+n—M—1n—M—2
— \t)  \n-M-1 M +2 M+2 M+3
n—-—M-1In-M-2n—-M-3
.21
M +2 M+3 M +4 (5.21)
Noting that
Cll_;;j <ae™*, ac(0,1], z €[0,1], (5.22)
- M 1
we find, by putting a = 7;4 1 and € = TR
n—M-—k a-—ke ok
= €. 5.23
M+k+1 1+ke "¢ (5.23)
Hence (5.21) has a bound
n—M-—1 o0
SN (VeSS YL ,onmd
— () —\n—M-1 — “\n—M-1 1—ae ¢’ M1’ M+1’
which implies
Abyn < Abyy (5.24)
where Ab,, y is defined in (5.13). This proves (5.17).
Upper bound on a, y. Put
2M—4 m
_ L B - (2m 4 2¢0)!0!
Ban = aen= 3 (5) B
m=0
— ﬂ)m (2m + 20)10!
< Z <— bt N——
= Nl 1(20)!
VT 2 ml(m + £)!(20)!
— m (2m + 20 — )!!
= 2 —_— 2
>, A" e m)l (20 — )N (5.25)
m=2M+1-¢
Using (5.19) and (5.5), we see that if n > 2M
C”n n C”n n ap, N cai,N\" apm,N
by =~ ( )ae,Na — N <~ ( )a?N X — = L ) (5.26)
" (4) z:: l " (4) —\L) a’y ( 2 ) at’y
Therefore
_ amMN (cainNY m (2m 20— 1)1
Aagn < i - (Bear,n)" Zo—~ror—om
at’y ( 2 ) m=2%;r1—e 2m)!(2¢ — 1!
¢ > 0
< s ()t s weaw (M)
N m=2M+1—2
_amnN (cai N\’ OM1 w (2M+1+k
= (55 Gean S (e (M
J4 oo
a 1 2M +1+k
= JE\IJN (_> (Bear,n)* ™ Z(ﬁcaLN)k ( ) (5.27)
oy \20 k=0 ¢
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Here,

o0 [eS) 14
2M +1+k w (2M + 14k 2M + 1\ .
Tassaetr) = Y- @ean)* (101 F) <2 (V) < 2 (0 )
k=0 k=0 m=0
where r = Bcay N, and ¢ = = . By assumption r < % The binomial coefficient in the summand is
largest when m = 0, because 2M + 1 > 2M > 2¢. Therefore,
1 2M + 1 1 2M +1 1 2M +1
T = . 5.28
R ( )Zq 1—r1—q< ¢ ) 1—27"( ¢ ) (5:28)
This proves
‘ 2M+1
_ 1 (ﬁC(IJlAN) 2M +1 ap. N J—
A <[ — —_— < 5.29
N = (25) 1—2Bcar N 14 x aMly ~ N (5.29)
where Ady v is defined in (5.14). This proves a, x < Gn N - O

Remark. We can ‘improve’ Proposition 5.1 by employing (correct) bounds, in a similar way as the term

“a n
proportional to (Ca;’N) in (5.9). In actual calculations, we improve @, ny+1, 7 = 1,2,--- , M, in (5.12),

the upper bounds for a, n4+1’s, using (A.6) (as well as its special case (5.5)). To be more specific, we
compare G4, y+1 in (5.12) with EL%NH and replace the definition if the latter is smaller. Then we go on to
‘improve’ ag ny+1 by comparing with @2 ny41@4,8+1, and so on. Conceptually there is nothing really new
here, but this procedure improves the actual value of the bounds in Proposition 5.1.

5.3 Computer results.

In this subsection we prove Theorem 2.2 on computers using Proposition 5.1. We double checked by
Mathematica and C++ programs on interval arithmetic. Here we will give results from C++ programs.

Our program employs interval arithmetic, which gives rigorous bounds numerically. The idea is to
express a number by a pair of ‘vector’, which consists of an array of length M of ‘digits’, taking values in
{0,1,2,---,9}, and an integer corresponding to ‘exponent’. To give a simple example, let M = 2. One
can view that 0.0523 is expressed on the program, for example, as I; = [5.2 x 1072,5.3 x 1072], and 3
is expressed as I, = [3.0 x 10°,3.0 x 10°]. When the division I /I is performed, our program routines
are so designed that they give correct bounds as an output. Namely, the computer output of I /I> will
be [1.7 x 1072,1.8 x 1072]. We may occasionally lose the best possible bounds, but the program is so
designed that we never lose the correctness of the bounds. Thus all the outputs are rigorous bounds of the
corresponding quantities.

In actual calculation we took M = 70 digits, which turned out to be sufficient.

We also note that interval arithmetic is employed in [14] for hierarchical model in d = 3 dimensions. We
took independent approach in programming — we focused on ease in implementing the interval arithmetic
to main programs developed for standard floating point calculations — so that structure and details of the
programs are quite different. However, our numerical calculations are ‘not that heavy’ to require anything
special.

As will be explained below, we only need to consider 2 values for the initial Ising parameter s:

_ =1.7925671170092624, and sy = 1.7925671170092625.

We perform explicit recursion on computers for each s = s1 using Proposition 5.1.
We summarize what is left to be proved:

(1) a1,n < = 2ﬁ ,0<s<sn,,0<N <N, where Ny = 100. This condition is from (5.15), imposed

because we are going to do evaluation using Proposition 5.1. Note that this condition is stronger

1 1
than (2.17) in the assumptions in Theorem 2.2, because 35 2 242)=1.707--- ford=4.
c

5
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(2) s- <sp, and 5y, < s; . To prove this, it is sufficient (as seen from the definitions (2.11) and (2.12))

to prove
3
po.N, <1, when s=s_, and pon, >1+ ﬁ/M,Nl , when s=s,. (5.30)
3) For any s satisfying s_ < s < sy, the bounds

+
(0 <) pan, < 0.0045, (5.31)
L6ps N, < Hong < 6.07uf (5.32)
0 <) psn, < 48.469uf v, (5.33)

hold for Ny = 70. This condition comes from the assumptions in Theorem 2.2 (sufficient, if s = < s v,
and Sy, < 84).

We now summarize our results from explicit calculations.

1
(1) We have a; y < 553 =1.6066---,0<s<s;,0<N <Nj. The largest value for a; y in the range

of parameters is actually obtained at s = s, and N =0.

(2) Our calculations turned out to be accurate to obtain more than 40 digits below decimal point correctly
for p12,100 and pa 100 at s = s, which is more than enough to prove (5.30). In fact, we have

0.99609586499804791366176669341357334889503943 < a 1,100
< 2,100 < G1,100 < 0.99609586499804791366176669341357334889503972
at s=s_,

and

1.0131857903720691722396611098376636943838027 < a 1,100

< p2,100 < a1,100 < 1.0131857903720691722396611098376636943838031

0.00281027097809098768088795100753480139767915 < %(—62}100 + Qiloo)

< p4100 < %(—Q 2,100 + d%,lOO) < 0.00281027097809098768088795100753480139767969 ,
at s =s4.

(3) To prove (5.31) — (5.33), we note the following. Let us write the s dependences of an n and pn N

explicitly like an n(s) and pp, n(s). For any integer N and for any s satisfying s < s < sy, the
monotonicity of a,, n(s) with respect to s implies

(—ag,n(s-) +a1,n(s4)%) = fian - (5.34)

N | =

pa(s) = 5 (s, (s) + ann (s)?) <
Hence if we can prove
fta,70 < 0.0045,
then we have proved (5.31). In a similar way, sufficient conditions for (5.32) and (5.33) are

0
1.6 < j6,70 : #S ,70 <6.07,

2
Hazo 570 H4 70

810 48 469

with obvious definitions (as in (5.34) for fia,n) for p . and fin70.

The bounds we have for these quantities are (we shall not waste space by writing too much digits):

HG 70 HG 70 HS 70

fta,70 < 0.004144, 3.6459 < —— < 3.7542,

“4 70 “4 70 ﬁ4 70

< 38.488.

This completes a proof of Theorem 2.2, and therefore Theorem 1.1 is proved.
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A Newman’s inequalities.

Let X be a stochastic variable which is in class £ of [15]. X € £ has Lee-Yang property, which states
that the zeros of the moment generating function E [ eHX } are pure imaginary. In fact, it is shown in [15,
Proposition 2] using Hadamard’s Theorem that E [ eHX } has a following expression:

E[efX] = obH* H <1 + Z_§> , (A1)

J
where b is a non-negative constant and «;, j =1,2,3,---, is a positive nondecreasing sequence satisfying
o0
-2
E a; - < o0.
j=1

Consequences of (A.1) in terms of inequalities among moments (n point functions) are given in [15],
among which we note the following.

1. Positivity [15, Theorem 3|. Put

__L d2n
Han = " o0 dem

logE [ eV1EX } ‘ . (A.2)
£=0

Then,
ton >0, n=0,1,2,---. (A.3)
(Note that (A.1) implies pan+1 =0.)
2. Newman’s bound [15, Theorem 6]. Put ve,, = nua,. Then,
Vi, < VY, Vg < \/UaVs, Vant2 < Vg vf_l, (A.4)

where the first and third inequalities follow from (2.10) of [15], while the second one is (2.12) of [15].
These imply vg, < vz/ 2, n > 2, and therefore

n/2
< (2p4)

ton < , n=2,3,4,---. (A.5)

Furthermore, we will prove the following.

N
Proposition A.1 Putay = WE [ XQN} , Ne€Zi. Then,

ap+n Lapyay N, M =0,1,2,---. (A.G)

Proof. Put y; = a;Q > 0. Then
E[efX] =t T (1+ H2y;). (A7)
J
Expand the infinite product to obtain

) ) H4 , HS6 , e H?2n
H(1+H yj):1+H Zyj'i‘?z yiyj'i‘?z yiyjyk-i-...:ZTCm (A.8)
J J Coig T gk n=0 =
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with

Cn = Z "Yir YisYis+-Yin (A.9)

11,12, 50n

where primed summations denote summations over non-coinciding indices. Hence we have,

N R o oL
Ele = H —— = H —_ . (A.10)
1 — ) n!
N=0 m,n:m+n=N me N=0 n=0 (N n) n
Comparing with E [ eflX ] = %HQN, we obtain
N=0 """
N
N
ay = Z (n)bN—ncn
n=0
Note that (A.9) implies
Crnam < CmCn (A.11)

because the conditions of primed summations are weaker for the left hand side. This with b > 0 implies

M N A f) (N)
2 : 2 : bM—i—N—m—n Cm Cn,
=0 120 (m n

ap anN

M N
ZZ M N bM—i—N—m—nc
m=0n=0 m n e
M+N ¢
M N
_ M+N—¢
- e 2 ()

—m

Y

£=0 m:0<m< M,
0</—m<N
M+N
_ M+ N
= ZbM+N ecz< ¢ >_GM+Na

(=0
where, in the last line, we also used

14

(N0,

m: 0<m< M,
0<l—m<N

which is seen to hold if we compare the coefficients of 2 of an identity (14 z) ™ = (14+2)M (14 2)N. O

References

[1] P. M. Bleher, Ya. G. Sinai, Investigation of the critical point in models of the type of Dyson’s hierar-
chical model, Commun. Math. Phys. 33 (1973) 23-42.

[2] P. M. Bleher, Ya. G. Sinai, Critical indices for Dyson’s asymptotically hierarchical models, Commun.
Math. Phys. 45 (1975) 247-278.

[3] P. Collet, J.-P. Eckmann, A renormalization group analysis of the hierarchical model in statistical
physics, Springer Lecture Note in Physics 74 (1978).

[4] F.J. Dyson, Exisitence of a phase—transision in a one—dimensional Ising ferromagnet, Commun. Math.
Phys. 12 (1969) 91-107.

22



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

G. Gallavotti, Some aspects of the renormalization problems in statistical mechanics, Memorie dell’
Accademia dei Lincei 15 (1978) 23-59.

K. Gawedzki, A. Kupiainen, Triviality of ¢3 and all that in a hierarchical model approzimation, Journ.
Stat. Phys. 29 (1982) 683-699.

K. Gawedzki, A. Kupiainen, Non-Gaussian fized points of the block spin transformation. Hierarchical
model approzimation, Commun. Math. Phys. 89 (1983) 191-220.

K. Gawedzki, A. Kupiainen, Nongaussian Scaling limits. Hierarchical model approzimation, Journ.
Stat. Phys. 35 (1984) 267-284.

K. Gawedzki, A. Kupiainen, Asymptotic freedom beyond perturbation theory, in K. Osterwalder and
R. Stora eds., Critical Phenomena, Random Systems, Gauge Theories, Les Houches 1984, North-
Holland, Amsterdam, 1986.

K. Gawedzki, A. Kupiainen, Massless lattice ¢ Theory: Rigorous control of a remormalizable asymp-
totically free model, Commun. Math. Phys. 99 (1985) 199-252.

H. Koch, P. Wittwer, A non-Gaussian renormalization group fixed point for hierarchical scalar lattice
field theories, Commun. Math. Phys. 106 (1986) 495-532.

H. Koch, P. Wittwer, On the renormalization group transformation for scalar hierarchical models,
Commun. Math. Phys. 138 (1991) 537-568.

H. Koch, P. Wittwer, A nontrivial renormalization group fixed point for the Dyson—Baker hierarchical
model, Commun. Math. Phys. 164 (1994) 627-647.

H. Koch, P. Wittwer, Bounds on the zeros of a renormalization group fized point, Mathematical Physics
Electronic Journal 1 (1995) No. 6 (24pp.).

C. M. Newman Inequalities for Ising models and field theories which obey the Lee—Yang theorem,
Commun. Math. Phys. 41 (1975) 1-9.

Ya. G. Sinai, Theory of phase transition: rigorous results, Pergamon Press, 1982.

23



