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000 pem+1(0,0) =0000000002m 00 path0 2o 0000000000000 NopoeO +0
OO0 mOO-000 mOOOpathOOOOOODOOOO

Nam,o = ( 2m ) . (14)

m

PathOOGOGOOd 22m|:||:||:||:|§1.3.1|:||:||:||:||:||:||:|
p2m(0a0) = PO[WQm = 0] = 2727”]\]'2771,0 = 22m< 27:; ) .

000000000 (§A.3)
n! ~ vV2rnn"e "

1 o0
gooogo pgm(0,0)w\/—_DDDDDDan(0,0):ooDEIDD 00 4000100 simple random
™m

n=0

walk 0O OOO0DOO

d=20000 d=10000 (14 00000000000000000000000000000n
00000000 path 0000 N, 0000000000000000000000 Napyt =002m
000000000000 k00000 m—k0000000 k=0,1,---,m00000000000
(1+t)™ - (1+t)"=(1+¢* 0 ¢ 00000000000000

S(0)-()
w3 () ()R- (0 )

oo0o0oobO0 d=100000000000D000

good

1

pn(0.0) = a2 2 ) L

oo
00 > pam(0,0)=00 000004000200 simple random walk D0 000000
n=0

d>30000000 000000000000000000000000000000000000
0000000000000d0000000000p2m(0,0)~Cm~%20000 d = 3 simple random

walk 00000000000000000000000 Gi(z,2) =Y pa(z,2) <coOO0OD00D0000
n=0

00§1.4400000000000000000 (OO 6)0

1.43 0O0O0O0OO

Z¢00000000000000000000000RWOOO W, 000000000000000
neNOOOO W, 00000

on(t) =Eo[ eV W] = 3" eV 7oy (0,2), teRY (15)
r€Z4

(t-r0RIOD0D)000001000000000 {p1(0,2)|2€2¢}00000 ¢: RT—=CDO

d

I~ 1

o(t) = gz:de (0, 1) = 7 z;costi, t e RY, (16)
z i=



oo oD oo ooooog
nOO00000
pn(t) =Bl eV7IWn ] = N eVTtop, (0,2) (17)

z€ZD

01000000 o0 nO0O0O0O0O0O0bOO0O000d0

00 5 pu(0,2) = (2m)~° / VT ()t - dty
A

0000000 AD (ODO0O0O0D00 0000000) (Z/(2r)Z)¢ 0000000000000000
0000 [-m7900000000000000 [-7/2,37/2/¢00000

oo. w,000 X,,0 i1id 00000000
en(t) = B[ VTN " = ()" (18)

good
gooobooobooon A:[—W,w]dDDDDDFubiniDDDDDD

[T s = 7)Y ) [ VTt

yEeZd [777’77]61'
= pn(0,z).
O
1.44 GreenOOOQOOOO
Green 0O 0O
o0 o0
Glx,y) =Y Po[Wo=y]=> pulz,y) = limGa(z,y), @y€ A (19)
n=0 n=0
000000000 randomwalk 0 y OOOOOO0OOO0OOOOODOOO
(19) 0 pn(xyy) an(o,y—x) oo
G(z,y) =G0,y — =), z,yeZ’ (20)
zéooono f: ZdHCDDDDplﬂﬂEIDDDDDDDDDDD A O
(Af)(x) =D piz,2)(f(2) = f()) (21)

z€Z4

OoDooOO0Smplerandom walk 0000 000000000000 0OOODOOOOOOODOOOOOO
0000000000000 0000OoOoO0oUoD (21)0ooooooo
pO(xay):ém,yD Zpl(xaz):]-l:l (5) oo
z€Z4

o0

S i@ 2)Cy) =3 Y pi@ palzy) = Y puri(@,y) = Glay) — bay
n=0

2€7Z4 n=0zezd
000000000000U0o0o0U0oo0o0DUd0ooOyO0OD0OO G(Ly) OO ADOODOOO
(AG)(xay):_(sa:,y (22)

(22) 00000000000Green0000MarkovO 0000000 O0ODO0ODOOO0OOODOODODOODO
gboooboooboobgooobooboo

d>200 GreenUO G(z,y) DO0OO0O0O0OO0OODOOOOOOOOOOOOOOODOOOOOOO
O0Od< 2 (recurrent case) D00 0000000000000 DO0OO0O0O0OOOOOO0O 400000
oooooooooDo



OO0 e6ed>2000000000

dt, xz,y€Z° (23)

—V/=1t-(y—x)
Glay) =GOy~ =dem) [
[—m,m]d Y ey (1 — costy)

000000 Gx,x)<ocoUDOOO d>200 SRWOOOOOOOO
go.

(oo}
G.(w,y) =Y 2"pul(x,y), 2€C, z,y e, (24)
n=0

0000 Gylz,y) =G

L0,y—2) 000000000000 Gy(z,y) O |2/<1000 (z,y DOODOO
O0)o0ooooooooo

gooooo

li%rll G.(z,y) = G(z,y), z,ycZ (25)
G.(z,y) 0000000000 ¢e.0000000

po:(t) =Y eV TG(0,2) teR™ (26)
YAl

2/<1000000 (24)00000000000000000000 ()2 €Z%,(0,2)=1000)"0

oo

pa-(t) =D 2" [ D e/, (0,2)

n=0 z€Z?
0Dooo(17), (18), (16) 00000

1 1
Tilozo() 4157 (-
2 d=1t3 (1 — zcosty)

, teR, |z| < 1.

e (t) =D (2p(t)"
n=0
oo obos00000000

- (t)dt

)

G.(z,y) =G.(0,y —x) = (Qw)*d/ eV W=)
[77"77"]‘1
/=1t (y—=)
= d(Qﬂ')_d/ de dt, (27)
[—mm)d Yy (1 — zcosty)
2| <1, 2,y € Z°.

(25) 000000000 d>2000 (23)0000

2 d0O0 self-avoiding walk[]

Oo0O00oooo SAWO SRwoOOoOOoOoOoooooooooooooooogooooooooooooo
gbooooobooogon

2.1 Connective constant[]
730000 nO self-avoidingwalk 0 00Z¢ 0000 w = (w(0),---,w(n)) 0000 Ojw(i+1)—w(i)| =1,
i=0,---,n—1,0000

w(i) # w(j), i# 7], (28)
000000000000 0000000 nO0 self-avoidingwalk 0000 V, 000000000

d=10000 v, 0000000000000000000 pathOODOOOOOOODOOOODO
o000 200000000d>10000000

TGreen J0D0D0D00D0DODODODOOODOD Fubini DODO0DOD0OOD0OOO0O0O0OO0OOODON




§1.220000000000000 simple random walk(D nO0000)0000000000 path O
00w, 000000000000 00000pathO000O 27"000000Opath DOD0OOOsimple
random walk 00000000000 O0OOO0O

000000 24900 simple random walk 00 0000000000000 2400 nO0 path OO
oo w,0000oooouo tW,=02J4H)"0000W,,---,W, 000000000000000O0ODO
0000 pathOOD0OO (2d)»00000O0O0O0O0OOOOO

Self-avoiding walk 00 0000 (28) UOOOUOOW, OpathOOOOOOOOOV, CW, 0000

W, 0O pathDODODOOOODOODOOOOOOODJ Self-avoiding walk 000 OO0 path 000
C,=tV,(0000)00000000000002sds4000000000

000000oO0ooo0DodoO0b00o0oD1000 200000000000 20000000000
00000000000 2d-100000000000000000000O0O0OOO0O0OODO (dOOO
0)000000000D0D0 self-avoiding 00000000

d" < Cp =1V, £2d(2d—1)""' neN, (29)

0000000 ¢,00000000000000
log A,

A, ~ B, 0 logA, ~logB, 0000 lim —2

=10000000

00 7 (Hammersley 1957) d S p=pg <2d—10000 uDDDDDu:ianC}/”DDD[ﬂ]DD
ne
00000 G, ~ ™M

0o0. weV,,,,00OOO n00 V, 00000 mO0O VvV, 00000000C,4m £ CChpyn,m=1,00
1
0000C,>1000 logC, 0 00 240000000logp = lim —1ogCnDDDDDDM:in§C,}/"
n—oo N ne

00000000 @RY) U0 dsps2d—10
O

p=p 00000000000000000% 000000000 =264, u3=4680000000
258 < e < 2730000000017, 86.2)000000000Kesten O finite memory walk 00 00O
w0 s=1/(2) 0000000000O00O0OO0O0O0O0ODO0O (1964)0

19600000000 Hammersley 0 Kesten DO000000000O0 300000 self avoiding walk O
000000000000000199000000 Hara-Slade O lace0000000000d25000
goooooooOoOoOoOOOOOOOOOOOOOOOOOO

pa =51 —1—s5—3s%— 165> — 1025 + O(s°)

0000 [28)0000oouooog

Lace 00D OO0 (d25) 0 self avoiding walk O O simple random walk 0 exponent 0000 0O
0000000000000 0000DO000000D0D0000 70 logC, O logp™0OODO 100
O000000000000O0Hara-Slade 0 d25000 C, ~Ap" 00000000000

00 8 (Hara—Slade (1990,1992)) Z¢ 00 self-avoiding walk 00 000d=5000 C, ~ Ap™ 00
oooo A= lim p *C, 000000

n—oo

O0000 ADdOOOODOO A=1+s+4s2+0(s%).

Lace 00000000000 OO0OOO0OO0OO0OO0OOOOOOOOODOOOOO [27,2600000 [18]
good

00000 0000000 Z4200 simple random walk 00 C,,(SRW) = (2d)" 00 u(SRW) = 2d
0000000000 (0000000UD00) G000 SRW)=6"000000000000O0
goooobobboooooobbooboo

8 Exponents 100000000000 0000000000000000C000O0000000000O000000O0O0000
go0oo0oooooO0O0O00000o0ooo0



en0 pathOOO0O Cp, O random walk 000000 (2d)™ O O O self-avoiding walk 0 0 O
doooooooooo2sd<400000000000000
e J0IDODDODOUODO p= lim C}/”DDDDDDDDDDDDD self-avoiding walk 00 O
n—oo
O00U0OmMrandom walk 00000 universal 000000 (00OOO0OOOOOOOOOO
oooo)o

e C,0 nOpathOOOOOOD (DUOOOOUODOOOUD)000OO0OODOOOOOOOO
000000 pathOOOOOODDOOODODOOOO

2.2 Exponents[]

PathOOOOODOOOOOOOOOOOOODODOOOOOOOOOOOODOD 10D0DO00OO0OO
goboobobooobooboon

nO00 pathOOOO000O0O0O00OO0ODOCOOO0O0OOOOODODDOSimple random walk 000000

D000 walkOOODOOOOODOOOODODO
n000000000000000000°000n—00000000(00)0000000O
0000000 pathO (DD0OD0)0000000O0OOORandom walk 00 (MarkovO OO QOGOO

00000000000 Dirichlet form 00000000)0000000000O00O0OOOOO

2.21 0O000OO00DO0O vO

PathOODODOOODOOOODODOOOODOOOOO pathOOOODOOOODOOOOODOOOO
000000000000000000000000000 (00)0 order 0000
0000000000000 00000000000000000000oooDo0oO0 (Dooo
0000000000000)0000000000000000D00OAO0OSierpinski gasket 00 SAW
00000000 §40 (8@ Path00O0OO00OOOOOOOOOOOOOOOO

§1.2.2 0 simple random walk 0 0 0 0 mean square displacement 0 0 0 0 O 0 0O O 0 Simple random
walk 00000000 W, O o0 order (0O 1/2) 00000

Self-avoiding walk 0000000000000 O0ODOCOO0O0ODOOCOO0ODOOO0OOODOOODOOOOO
o0o00oO0obo0O0oO0obOO0bO0DOO0bOOoUoboOobobooooooDm

n 00 self-avoiding walk V,, 00000 equal weight 0000000000000 (Vp,Prn),neN, O
ooooooboooog )

" wev,
00000000000 mean square displacement 000 v O

En[Jw(n)* ]~ n*

gooooo

§1.2.2 0 simple random walk [0 mean square displacement 0 000 00000p=10000000
00 log000000000000000MOOOO0O0O0O0O0O000O0!Y OSimple random walk O path O
OO00D0DDODO00000 n00 pathODOOOOOODOOO0OOODOODODOODOOOOOOOO self-avoiding
walk 0000000000000 0O0OO0OOOOOsimple random walk 00 v(RW)=1/20000

dz500 1y=1/20000000002<d540000000000000000000 v, =3/4,
v3 =059 vy =1/20(d=40001log 00 0E,[ |w®n)>] ~ Dan(logn)/* 000000000000
11|:||:|

°0000000000000000000000000000000000 [18, Appendix C, §9]00
10p,=1000000000000000 p=100000000000000000000000000Op=100000

p>100000000000000000O0C0CO00O0O0O0OOOOOOO0OOOOOCOOOO0O0OOOOOO0OOOOOOOCOOO0
go0oo0oooooOO0Ob00000oooODooObD

N 0o000 d=2,d=300 E,[|lw(n)?]~Dygn” 0000000000000000»0000000000000000




222 000000 O
PathOOO C, 00000 C,=p™, 0000000700 lim r}/”zl[ll][ll]l][l[ll]l][ll]l]

n—oo

r, 00000000000000000 r,~n"'0000000000000000000000038
0000 dz50000000000000000000y=~=10000000000r, 00000
oooooooooo

Simple random walk 00 r, =1 000000000000 v=1000000d 2500 self-avoiding
walk 000000000000 d<4000simplerandom walk 00000000 v=10000000
self-avoiding walk 0 0000000 logr, OOODOOOOOO

o d=2.3,
"7 (logn)®, d=4,

11 1
obooobooooooo ’yg—l:3—2,73—1':,0.162,a:ZDd:2,3,4DD ~yOOOOODOOOOOd

0000 (00000000 coOOOOOO)O
goooo oo

p" =Gy (30)
000000 00000000 vw=210000

2.2.3 0000000 exponents(]

19900 00000000000000000O0d2500 (log00OO0OO00O0DDOO0OOOOODOODOO)DO
000000000000 000D0000 simple random walk 00000000 OO Hara—Slade OO0
ocooooo

00 9 (Hara—Slade (1990,1992)) Z¢ 00 self-avoiding walk 0000 0d=25000 v=1/2, y=1
good

02 (3)0000 leg00O00O00OO00OO0OOOODOOOUDOOOOOOOO ex>00000

Cn = Agu™ (1 + O(n~ /%)),
E,[|w(n)[*] = Dan(1 + O(n=1/4+<)).

0000 A4, D, 0000000000000 000O 1< A5 <1.493,1.098 £ D5 < 1.8030

(i) vOOO0O p>1000000000000000000000000000ODO p=100000O
gboobooboobooboobooboo

(i) » 00000000000 00000000O00000000 simple random walk D00000O0O
00000 (Brownian motion) 0000000 d2500000000000n 2w([nt]) 000
000000000000 n—oo O WienerQQOOQOooQoo

<

2.24 000000 exponents 000

(23) J000000OO0O0OO00UCOO0OO0OUOOO0UOOO0O0OUCOO0OOUOOOOUDODOOOUOODOO
0000000000000 0000Tawber 0000000 ODOOO0OOOO0OOODOOODOODOODOOO
goooobbbdoooooobbboooooobbbbbooooobo

nO0000000 20000 self avoiding walk D000 C,(z) O0DOOO0O

Cn(z) =4{w eV, | wn) =z} (31)
DO000C, =Y Cu(x).

z€Z

Cn(z) 0 C, 0 Green OO OO

[M]8

G.(z,y) = G,(0,y —x) = Cn(y — z)z",

oo =0 (32)
x(z) = Z Cp2" = Zzlwl = Z G.(z,y)

n=0 w y€EZd

goooo0oooo0o0ooooO00oooO000d=4000000000000000000
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SAWOD z=y00000000000000000000 0070002/ <z=p 0000
00|z|>2 0000|z2/=2 0000 (d0000000(30)00 C,2p* 0000

o0
:Z 22 (1—p2)™t, 0S8 z<pu?,

oo
lim x(z) = o0 (33)

z21zc
ogoood
Bridge(OOOOOOOUOOOOUOOOOOODODOOUOOOOUOODO SAW)OOOOoGoooooo
G.(z,y) 000000 (000 z=y0000) w000 [18, §3.20
Simple random walk 0000000 ysrw(z)=(1—-2d2)"' 000000000000

0000 ¢0
=) = lim LlogG.(0, (n,0,--,0))

n—oo N

DIZIIZIDDIZI2> -1

I ((z) < coDOODODOOODOODO (32) 000000 O0OOOODOOOOOOO
G- (0, (n, ))gz 000 €(2)7F £ —logz0000 2< 2. =p 100007 =2(ute <1
|:||:||:||:||:||:|€>O|:| O00p ODOO0OO0ODOOOOO nOOOOC, =0((r+e™ ODOOOO
G, (0, (n, ,0)) £ Cexp(—|logrn)0000&(2)"t = —logr0 Bridge 000000 [18,64.1] 0000

hTmf() —ODDDDDDDD
2Tzc
Lace000OOOO d2500 f(z)*leDDDDd:2,3,4DDDDDI:II:IDDDDEIEIEIEIEI

0000000000000 0000000000000D0000D0D0D0D00000 TauberO O QOO
0000000000000 0O0000000000000O00D0UOoOooOOn x(z2) < (z.—2)"70

(0 1000000000000 0O000 vy0O000OOOOOUODOOOOODOd25000000
0 0 Mean square displacement 0 OO0 0000000

1/p
&(2) = |x(2)7 Y [2lPG.(0,2) , p>0.

reZd

£(z) ~&(2) ~ (2.—2)"*00000000000000 (~0)000 v0 000000004000
0 Tawber 00 D0000000 (yOOOOODOOOOODOOOO0OD0D000000000000 vy=v
0000

O000dz=2500 lace0 000000000 000000 0000000 0ODOOOODOOOOO
000000000 TawberOOOOODODO nOD0OOOOO0ODOOOOODOOOODOODOO 00000
gbooobooobooboobon

00 10 (Hara-Slade (1990,1992)) z. =1/ 000000 d>5000000000

} A de
mDDDe>ODDDD¢eDDDDDDDDCMDDDDDDGAM:E;nmggammDD
y=10)
(i) x(z)~ —2 0 @mOOy=10)
X 1—2/z 7=
fiii) £(z) ~ | =20 @ OOv=1/20)
W) S\E 2d(1 — 2/20) v=

2.2.5 Exponents OO0 0OODOO0O

0000 exponents 00 0000000000000 0DOOO0ODOOO0ODOOOOODOOOOODOO
O00OD00d <4 00 exponents 0 00O Osimple random walk 0000000000 OOODOODOOO
oooo

000000 simplerandom walk DO 0000000000 OCOOOO self-avoiding walk 00 O
gooooooooopoooooo




Scaling 0000000 path 0O0O0OU0OO0O0OU0OOOUOOOOUOODOOUOOOOCODO (O v)ODO
000000000000 00000000OpathO0O0O0O (DOD)000 pathOOOOOOOOODO
00000000 v 0000000000000 C000DOO0O00O0DOO0O00O0DOOO0ODO0 (
d00000)000000000000000000000000000000000000O00000
00000000000000000020

Self avoiding walk 0 mean square displacement D 0000000000 OFlory 0O00OO0OO0OOOO
000000000y 0O (D0O0O0O0)0O000O0OUCOOOUDODOOOOO

3 asy,
v=] g+
3 d> 4.
000 d=1000000000Hara Slade 000 00 90000 d>5000000d=400000
0000000000B 0000004 0000000 lge00000000000000000000
000000 d=400
E,[ [w(n)|* ] < n(logn)'/*

ooooooooo
0000000000000 d=20000000000000000O00000O0OOO (DOOOO
000000000000)00000d=300 »=059000000000000000

3 100 simple random walk 0000 0O OO

F.B. Knight 0 100 SRWOOOOOOOODO 100 BrownOODODOODODO citeKnightD OO O OO
decimation 0000000000 O00DOOCOO0OOOCOO0OOOO0OODOOOODODOOODOOOO0ODOO
0000000000000 0000000000000D00000000DOUDO0UODO0OD0O0O0D [24]
0 00 Sierpinski gasket 00 Brown D 0000000000 OCOCOO00OOOOOOOODOODOOOOO
good

e 0O O0ODO finitely ramified fractal 00000000000 0OOO

e MarkovO OOUODOODOOODO Dirichlet formO0O00000O0O0O00OO0OOOOCO0ODOOOCOOOO
gobooboboboooboooboooobooooobobooboobobooooooDbn

e Knight 00000000 DOODODOOODOOOODOOOODOODOOOODOOOODOODOOOOO
oboooobooboooooobooboooooooooboobooooooobooooooooon
goboobooooooboooooooooooobooooboobooooobooooDboDbo

Knight 00000000000 0OOO0OO0OO0O0OneZ, 0000 G,=2""2Z00000000O0OO
OG,00pathOOOQd

Wh ={w: Zy — Gp, w(0) =0, |w(i) —wiE+1)]=2""}

oooo
Whs1 00 W, 000000000 (decimation) 00000
(61) OOSRW W, 0000000 A O hitting time 7 =inf{n € Z |W,, € A} 000000000
0000 hitting time 0000000000000 0000000000000000000000 G,
0 hitting time0 00 T ¢ Wyyq — Zy U{oo}, i €Zy, 0 w € Wyyy 00000 To(w)=0000

Ty i1 (w) = inf{j > Toi(w) | w(j) € G\ {w(Ts(w))}}, i € Zs, (34)

0oo0o0o0o0o0o0o0o0
000000 Qu: Wy — W, O

(an)(]) = w(Tn,j (w))v J €Ly, (35)

goooow oo G, 0000000000000000000000000000000
oooooo0 G,00 patho0dd

2 Markov 00000000 O00000D00000000CO00O pathO00O0O0DO00O00000D00O000OOO0OO
00000000000 sample path0000000O0O0O00O00OO

B OoooD00000000000000000000000000000000000000000000000000000
oooooooo




Qrw € W, O00OZ0O finitely ramified 00 0000000000000000D00w(Ty,j(w)) 0 a=
w(T,;—1(w))0 G, 000000000000O000«0000000 G,000000000 e+100
O000000000000000D00CCO0O0D0O00O decimationdO0O00O0O00O0OQO finitely ramified
fractals(D0000)0000000000000000000 pathOOOOO0OOO decimation 000
goooooooo

Simple random walk 0000000000 0path 0 k000000000 (27*000)00000
goooooG,00path00O0 W, 000000000000 P,O0OOCOCOCOOOOO

Poy10Q ' =P, (36)
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100 SRWOOOOO path 00000000000 path 0000000 O0OOOOCCOOOOO
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00000000000000000000000000O0O0O0™

Qn O (Wins1, Pas) 0O (W, Py) 0O projection 000000000000 00DO0O000O0
000U0oO0G, 000 pathwe W, 00 1000000000000 (Wy41,P41) 00000000
0o0oDo00DooodoD weW, 00 100000 eaeG, 00 a+1€G, 00 10000000000
00 G OO0 pathO0O0O0O0OeO0O00O0D0DO0 «—100000 «+100000000O0D0COOO
0002"00000000G, =2"'Z000 pathO0O0DO0OO00O0OO0DOO -1 00000 10000
DDDDDDDDDDDDDDDDDWl|:||:||:||:||:||:| pathOOOOOOOO

00000000 BrownOOODODOODOODOOpO0DOO0OODOODOOODODOODOODODODODO
00 (36) O consistency condition 0 O O Kolmogorov extension theorem D000 1000000 (9, P)
00000 (Wp,P,) OO0 consistent O projection Y,,(-) 000000000 PoY, ' =PR, 0000
Qm(Xn)=Xn,nz2m000 Y, 0000000000 CcOOO0O0O0O0DO0OO0OO0OO0OO0OO0O0OOOO0OO
0000 ¥,(4") 0 n—oo0 (000 [0,M]0000 CO supnorm ) 000000

00000000000000000T,(Y,) 0 vV, 00000 (G, 0000 pathOODODOODOOD)
O00On=2k0 NOOODODOOOOOOUODOOUOODOOODOOODOOODOOO 40000000000
Tei(Y,(4")) 0 n— oo 0000000000 n00000000 Y,d") 0 G, 0000000000
000000000 oOoooDo0o00oo00DDOO00DO00d Gy OOoooOoooooooDoooooooad
000 vV,4")Oooooooo 2000000000000 k0 n2k000000000000DO
supnorm OO0 QO QO00O0O

goooooooooooon0Onn+10000000000O0G,00 100 G OODOOODOO
gobddooooobboobbbbbbboooooodooodooooobbobobobo V~Vl|:|
pathOOOOOO0OOOO

0000000 recursive 000000 000 100 100 G, 00 pathOODOODODOOO pathO
0000000000 boo00ooobobobo0oogdbodd recursion000000000OO0OODDOOODOO
a WlljDDDDDDDDDGn:Q*”ZDDD pathO0OOOO0O00DOOO —1 00000 1000
00000000000 W, 0000G, =2 O first hitting time 0 L =Ty, 0000

W, = {w: Zy - G,
| L < o0, w(0)=0, lwi+1)—w()|=1i=0,1,---, L(w) — 1, (37)
w(j) =1, j = L(w)}.

o000 z, 0000000000 LOODOOOO0OOOOOODOOOOO0ODOO0Om

W, 0000 Loo0Doo0o

D,(z) = Z L) — Z ZToalw) 5 e, (38)

weEW,, weEW,

0 (000000)000000000000 1000000 UU0O0 pathOOOOOOOOOODOOO
SRWODOOOoDoDOooooooooo
¢, 00000000000000Y 00000
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1
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o0 &, 000000000000 DDOO0D0O0D00O0 D0 11000DbOO00 @,0 000000000
oooono &, O well-definedd

00 11 (Renormalization group) ®,.1(z) = ¢,(®1(2)) 00 0000000000000 M

00. weW,1 0 Qu(w) eV, 0000000Q,(w) 00100 W, 000000000000000
0000000000000000000000

IE D S

wEWnJrl
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SR DD DR | D

UEWH 71)1€W1 ﬂ)L(v)er 1=1

= Z By (z)F®)

vEWH
=d,(P1(2)).

0300 /00 &, =% 0---00 000000®,(2)=%(d,_1(z)) 00000000000 <

(39)0 OO0 110 pathOOODOOODOODDOODOODOODO0OUOODDOODOO recursion O
(100 SRWO)UOoOoOOoOoooooooooooo
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A.5 Stopping time[
A.5.1 Stopping timel[]

0000 (Q,FP) 0000000 X, neN, 000000000 7: Q — NU{oo} O (o[{X,}]-)stopping
time 0000000 neNOOOO {r<n}0 X1,-+,X, 00000 c000 Fp =0[Xy, -, Xn] O
000000000O0o0ooooO0g ofXy,--+,X, 0 X4h,---,X, 000000000000 Xi_l(Bl),
i1=1,---,n, 00000000 cOOOO

OO0 7O stopping time D0 0000000000000 O0ODOOO0OO0OODOOOOOOOO-O0OO
0000000000000 00 pathOOOOO0O0OOO0DOODODOO

FiCF, CF3C---00007 0O stopping time 000000

{r=n}eF, neN,
goooooo
O 1 (i) 000 simple random walk W,, 0 ACZ 0000
T=inf{n € Zy | W, € A} (61)

OO0 70 AQO hitting ttme 0 0000000000 7 =00 000 OO Hitting time O stopping time
oooo



(i) D00 OO0 stopping time 0000

S, T O stopping time 000 SAT, SVT O stopping ttime0 000 n 00000000 T An,
T An O stopping timed DO O0O0S+T O stopping time 0000000
<

09000c00000000D000DOO0DO0OOOOUOODOUDOUODOOUOOOOOO (Q,7) 0 FO
O0 000000000000 A”ACHFRCFC---0000000007: Q—NU{oco} O stopping
timed 0 O0O0OO

{r<n}eF, neN,

ooooooooooo
Stopping time 0 o 00000000000 0000O00e000000DO0O00O0OO0O {F,}-stopping
time 0ODOO <

U6 0DDOUOUO stopping ttme DO DO O00OOOODODO <&

A5.2 WaldOOOO

Stopping time 100000000000 W, 000000000000000000000000 W,
0 W, () =W(W)rw,weQ 0000000 W,: Q— Z0

Ov7w.0000000000DOOCO0O00ODODDOOO0ODOOOO
O Stopping time OO OO0 W, OOO00O0ODOOO0ODOOOOODOOOO <&

00 23 (Wald) {X,} 0 iid O E[|X1|]<o0oO000F,=0[X1, -, X, Wp=X1+---+X,,,neN
000070 E[7]<co0000 {F,}-stopping time 00000000

E[W, ]| =E[ X, ]E[].
O0.E[r]<co000 7#00,as. 00000000000 7eNODODOOOOO =Y Xren, as.

n=

1
[13, §3.1 Theorem (1.6)] 000000 X, 20, k=1,---,n, 000000000000 0OO0OOOO

ooad
E[ W‘r ] = Z E[ WnX‘r:n ] = Z ZE[ XkXT:n ]
n=1 n=1k=1
=3 > B[ Xpxr=n ] = D B[ Xpxr2 |
k=1n=k k=1

0000 {r2k}={r<k-1}€F_, 000000 X, 000000000000000 E[X)]=
E[X;]0000
E[W,]=) E[Xx|P[r2k]=E[X;]E[7].
1
goooooooouooon |Xk|DDDDDDDDEIEIDDDEIEIEIEI

E
I

oo > B[ X1 JE[7] = 3 3 E[ [Xilxr—n )
k=1n=k

n

00
00000000 Y E[Wax-—,]00000000000000000000000000000E[W,]=
n=1

E[X;JE[7]00D0O 0
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A.6 Subadditivity argument[]
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A.7 Basic facts related to weak convergence of probability measures.

00 25 ([10, §5.4]) (i) Let P,, n =1,2,3,---, be a sequence of Borel probability measures on reals,
and P a Borel probability measure on reals. Then the following are equivalent (and if they hold then
we say that P, converges to P weakly as n — o).

(a) For all real valued, bounded, continuous function g on reals, lim /gdP = /gdP.
n—oo

(b) For all real valued, continuous function f on reals with compact support, lim /fdP =
n—oo

/fdP.

(c) For all open set G, lim P,(G) 2 P(G).

(d) For all closed set F', lim P,(F) < P(F).
(e) For all Borel set A satisfying P(OA) = 0, lim P,(A) = P(A), where 0A = AN A® denotes
the boundary set of A.

(i) Let M be a family of Borel probability measures on reals. A necessary and sufficient condition for
M to be tight is

(Ve >0) 3F CR: compact; (Yn=1,2,3,-- )P (F)>1—e.

(By tightness we mean that for any sequence in M, there exists a subsequence converging weakly to
a Borel probability measure (not necessarily in M.))

(iii) For a Borel probability measure on P, denote its characteristic function by pp(t) = / e‘/__lgtP(df),

R
which is a complex valued function defined on reals, and satisfies |pp(t)] < 1, t € R. Then the
following hold.

(a) Fora <D,
1 T e—\/—_lbt _ e—\/—_lat

L T —V/—1t
= P((a,b)) + 5(P({a}) + P({b})).

(Levi’s inversion formula.)

ep(t)dt

(b) Characteristic functions determine probability measure. Namely, if, for Borel probability mea-
sures P and P', op = ¢'p hold, then P = P’.

(c) For a sequence of Borel probability measures P,,, n = 1,2,3,- -, and a Borel probability measure
P,



i. if P, converges to P weakly, then lim ¢p, (t) = @p(t) uniformly in t on compact sets of
n—oo
reals, and
it. if lim @p, (t) = @p(t), pointwise in t € R, then P, converges to P weakly.
n—oo

(d) For a sequence of Borel probability measures P,, n =1,2,3,---, and for a function defined on

reals f, if
i. f(t) is continuous att =0 and lim @p, (t) = f(t) pointwise in t € R, or
n—oo
it. if lim @p, (t) = f(t) pointwise in t € R and uniformly in a neighborhood of t = 0,
n—od

then P,, converges to a Borel probability measure P, and f = pp .

A.8 Existence of density and its analytic properties from decay of character-
istic function.

Here we focus on a sufficient condition for an exponential decay of a characteristic function, which implies
existence of smooth density.
In the following, U denotes arbitrary set, not necessarily the one specified in the main sections. In
particular, one may take & = {1} which results in the case of probability measures without parameters.
The next theorem says that positive variance implies that the absolute value of characteristic function
is strictly less than 1 in a neighborhood of 0.

00 26 Let {P, | u €U} be a family of Borel probability measures supported on non-negative reals, and
for each w e U, let

Gu(S) = /[0 ) eisgpu(dg)v

be its generating function, defined (according to 00 33) on Re(s) = 0. Assume the following properties.

(i) There exists a positive constant C such that

sup G, (—C) = sup/ eP P, (d€) < 0.
ueU ueU J 0o

(i) The variances vy, u € U satisfy v— = in{{ vy > 0.
ue
Then there exists a > 0 (independent of uw € U) such that the characteristic functions . , uw € U, satisfy
el <1, 0< |l <a, ue.

As an explicit choice of a, one may take

2/\ €
a= 4 — N,
vy K+my

where my = sup m,, and vy = sup v, are the superemums of the mean m,, and variance v, of P,, u € U,
ueUd ueU

and K is a number such that
9 €
—my)°P,(dé) £ —, uel,
/|g|2K(f w) Fulde) £ V2

c=2A——— (>0).

2(14 v2v_)

(1t holds that m, vy, and K exist (are finite), hence a chosen as above is positive.)

where

For the case without parameters, i.e, for i = {1}, the theorem reads as follows (with weaker assumptions;
actually, the original theorem assumed more than necessary to simplify the statement).

O 27 If a Borel probability measure on reals P has finite expectation m = /fP(df) and non-zero

variance v = | (€ —m)%P(d€), then there exists a > 0 such that the characteristic function ¢p satisfies

lop(t)] <1, 0< [t Za.
As an explicit choice of constants, one may take my =m, =m and vy =v_=v in 00 26



OO . Note first that 0 O 34 implies that m_ and vy are finite.
Using Taylor’s Theorem for real valued functions, we see that there exist functions 6,1+ : R — (0,1)
and 6,2, : R — (0,1) such that
1
efx/jlmutsou(t) — 14 §Uut2
1 .
= /[COS((€ = ma)t) = L4 St3(€ = ma)® + V=1(sin((€ = ma)t) = 1€ — mu))| Pu(df)

= % [(€ = mu)*(1 = co8(0u,1,6(€) (€ = ma)t) = V=Tsin(0u2,4(8) (€ — mu)t))| Pu(dE).

Therefore

1 iy 1
[pu(®)] = 1 = Svut®] < e v “ou(t) = 1+ oat?|

< %f / (6 = ma)? /(1= co8(0,1,4(6) (€ — mu)t)? + (50 (0 2,0(€) (€ — mu,)1))2 Pu(d)

1o <\/5 (€ — ma)2P, (d€)

2 TS

[ ma = cos(6una() (€~ ma)n)? + (in(Buas ) (€ - mu>t>>2Pu<df)> ,
|§l<K

A

for any K > 0.
Let € > 0. 00O 34 implies that there exists K > 0 (independent of ) such that

V2 (€ —my)?Py(dé) <€, uel.

|z K

(For the case Y = {1}, this is implied by existence of variance, hence 0 O 34 is unnecessary.) Put

to = S (> 0). Note that this is independent of u. Then noting that
K + my

|9u,j,t(£) (5 - mu)t‘ § €, |£| é Ka |t| § tOv .7 = 1,23

we have

\£\<K(£ - mu)z\/(l = 08(0,1,6(€) (€ — m)t))? + (si0(0u,2,6(€) (§ — 1m0 )t))? P (dE)

1
§q/1+—62/ (€ —my)?Pu(dé) S ey/1+ —62’U+, u €
4 Jig<x

Combining all the estimates,

1 1 1
lpu()] — 11— §Uut2| s 56752 <1 +opy 1+ 1€2> st =to, ueld

Taking € > 0 small enough so that

1
e<1+vu1/1+162><vu, u €U, (63)
2
|<Pu(t)‘<1, UEU,O<|t|§If0/\ U_
+

622/\2(1—’—7\_/511_)(>0)7

1
e<1+vu\/1+162> (1—|—\/_vu):7<vu,

so that we can adopt this value. This leads to the explicit value of a in the statement. O

we have

If, for example, we take

then (63) holds, because,



Let P be a Borel probability measure on reals, and let pp(t) = /e\/jl‘ftP(df), t € R, be its

characteristic function.
00 28 Assume the following.
(i) P has finite expectation m and non-zero variance v.
(ii) pp satisfies |pp (M) < |op(t)|°, t € R, for constants X > 1 and b > 1.
Then the following hold.

(i) There exists C1 > 0 and Cy > 0 such that

14
lop(t)] £ Coe Ol teR, (64)

log b
where v = % (>0).

1 v 1
Cy and Cy can be chosen to be Co = ——— and C, = <é> log ———— for some t1 € [a/\, al,
(t1)] a lop(th)]

lop
\/5/\ €
a=1/—
v K4+m’

K = inf {L 50| /|£|ZL(§ — m)2P(dg) < ﬁ} ,

v
€E=2N ——F7=.

2(1 +v/2v)
(ii) There exists a non-negative valued C*> function p on R such that

(a) P(d§) = p(£)dE,
(b) |gl|iinoop(5) =0,

(c) p is supported on [0, 00).

and

where

00 28000. (i) Since dominated convergence theorem implies that ¢p(t) is continuous, O 27 implies
that there exists a > 0 and ¢; satisfying a/A < |t1| £ a such that

sup_[pp(t)] = lep(t)] < 1.

a/AZ[t|Za
logb _ . .
Put v = Tog \ (> 0), and h(t) = —|t| " log|ep(t)|, t € R. Then the assumptions imply
o
h(At) 2 h(t), t € R.

For |t| 2 %, let n be the integer satisfying — < [t|A™" < a. Then

> e

AN
h(t) = h(A™"t) = =b"[t|"" log [pp (A" "t)| 2 —b"[t| " log|pp(t1)] = — (;) [t|™" log|@p(t1)]-

Therefore 5 “
ep®)] < el 2 2,

A
with C7 = - log
to hold.

, a trivial estimate |op(t)| < 1 is sufficient for the statement

. For |t| <

> e

1
lep(ti)l

(ii) Since (64) implies that ¢p is integrable,

1

p(§) = o /Refﬁt%P(t) dt, £ eR,



exists, bounded and continuous. Riemann-Lebesgue theorem also implies ‘gl‘im p(€§) = 0. Fubini’s
— 00

theorem and dominated convergence theorem implies, for a < b,
b 1 e—vV—1bt _ o—V~Tlat 1 [T o—V=Tbt _ ,—V~Tat
[ e =g [t = i o [ S
= P((a,b)) + %(P({a}) + P({b})).

where we used Levi’s inversion formula in the last line. Since the left hand side is continuous in a and b, we
see that P({a}) =0, a € R, and p(§)d€ = P(d€). Since P is supported on [0, c0), so is p. The exponential

decay of wp (64) also implies by induction in k, together with dominated convergence theorem, that
dp 1 =
O = 3 [~V e T ) i

exists and is finite, for all k =1,2,3,---.

With extra assumptions on continuity and some bounds on ¢, , the consequences of 0 [0 28 can be
made uniform in u.

00 29 Let, as on 00O 26, {P, | u € U} be a family of Borel probability measures supported on non-
negative reals, and assume the following.

(i) The assumptions of O O 28 hold for P = P, for each u € [0, 1].

(i) The variances vy, u € U satisfy v— = in{{ vy > 0.
ue

(iii) The consequence of O O 26 holds; namely, there exists a > 0 (independent of u € U) such that the
characteristic functions o, , u € U, satisfy

lpu(®) <1, 0<[t| S a, uel.

(iv) @u(t) is continuous in (u,t) € [0,1] x R.

Then the constants v, C1, Cy in (64) can be chosen to be independent of u € [0, 1].
In particular,

sup sup py(§) < oo.
£€R ue[0,1]

O O. We proceed with our proof by reconsidering the proof of 0 0 28 with extra attention on uniformity
of bounds in u.
00 26 and the continuity of ¢, (¢) in (u,t) implies that there exist @ > 0 and ¢; and u; , satisfying
a/Ay £ [t1] £ aand 0 < ¢ £ 1, such that

sup lou(®)] = [@u, (t2)] < 1.
a/MuZlt|<a, ue(0,1]

Put p = |y, (t1)]-

log 2
For each u € [0,1], put v, = o8

log Ay,

(> 0), and hy(t) = —|t| " log|eu(t)], t € R. Then the
assumptions imply
Bu(hut) 2 hu(t), t € R.

a a
" let n be the integer satisfying ™ < |tIA," < a. Then
U U

For |t| =2
_ - _ _ AN 1

Bult) 2 hu(0a"t) = —270t = log l@u(0s™8)] 2 270t~ (~logp) = (221) 1/~ log =.

a p

Therefore . a
pu®] £ O 2 2 ue o1,



v_

_ 1

where v_ = inf v, A_ = inf A,,and Cy = <—> log — , are positive constants independent of u.
u€l0,1] u€l0,1] a p

a
For |t| £ 2 trivial estimate |p,(t)] < 1 is sufficient for the statement to hold.

The claim sup sup p,(§) < co is an easy consequence of the inversion formula
£eR ue(0,1]

1
_ —Vv—1&t
pu(§) = o /}Re o (t) dt

and the uniform estimate we have just proved. O

B Uniform weak convergence of probability measures on posi-
tive reals, which are defined by iteration.

21

B.1 Main results.

A notion of uniform weak convergence of probability measures on reals are defined, and an example is
presented. The example is based on properties of (i) probability measures supported on non-negative
reals, (ii) analytic properties of generating functions, and (ii) iterative definitions. Many of the results
in the example are along the line of [45, §3]. Emphasis on uniformness of convergences with respect to a
parameter is the main new ingredient.

B.1.1 Uniform convergence of a sequence of analytic functions defined by iteration.

Let Ay, u € U, be real numbers indexed by a parameter set I with a property
Ao =1inf A\, > 1.
ueU
Let gn,. be complex valued functions of complex variables indexed by n = 1,2, 3, -- and u € U, satisfying
the following:

(i) There exist positive constants C' and M, such that for any u € U, g1 ,(s) is regular on |s| < C, and
satisfies
l91,u(s) = s| = Ms?, |s] = C. (65)

(By a function being regular on a (not necessarily open) set, we imply that there exists an open set
containing the original set such that the function is defined and regular on the open set. Estimate
of a form (65) always exists for a function regular and vanishing at 0, but we are also interested in
estimates uniform in u € U.)

(ii) Forued and n=1,2,3, -,
gnJrl,u(S) - gl,u()‘ugn,u(s//\u))a (66)
wherever the right hand side is defined and regular.

We prove that the above assumptions imply the following regularity estimates on gy ,,, uniform in n
and u.

OO0 30 There exist positive constants Coy and My, such that for any v € U and any n = 1,2,3,---,
Gn.u(8) is reqular on |s| £ Cu, and satisfies

|gn,u(5) - 5| = Moo|5|2a |5| < Cw. (67)
0 O 30 implies that the family of regular functions
{gnu|n=123---, ueld}

is normal on |s| < C . This is due to the following.

21 regular.tex, ver. 20010110.



OO0 31 ([9, §XI.3, Theorem XI.3]) A family of uniformly bounded regular functions on a domain is
normal. Namely, for any sequence of functions in the family, there exists a subsequence which is uniformly
converging (to a regular function on the domain) on every compact sets.

The defining recursion (66) furthermore implies the following.

00 32 (i) Assume that {gn.} satisfies the assumptions given in the beginning of §B.1.1. Then for

eachu € U, gnu, n =1,2,3,-- -, uniformly converges on every compact sets in |s| < Cs to a reqular
function g on |s| < Cx. g5 satisfies
9u(8) = g1.uAugu(s/Au)), [s] < Cu, (68)
and
|93(5) — 5| < Meolsl*, [s] < Cs, (69)

for some positive constants Coy and M.
(i) The two equations (68) and (69) uniquely determine g . Namely, if there is a reqular function h
on |s| < Coo which satisfies (68) and (69) (with h in place of g} ), then h = g .
B.1.2 Weak convergence of a sequence of probability measures on non-negative reals de-

fined by iteration.

Let P be a Borel probability measure supported on non-negative reals [0, 00), and define its generating
function by

G(s) = / ¢~ P(de). (70)
(0,00)
In general, for a Borel probability measure on reals, (70) is defined when s is pure imaginary (characteristic
function), but as P is supported on non-negative reals, G has a wider domain.

00 33 G(s) is defined on complex s satisfying Re(s) 2 0, analytic on Re(s) > 0 and continuous on
Re(s) 2 0.

0 0. Assume that Re(s) = 0. Since P is supported on [0,00), [e~%¢| £ 1, P(d¢)-a.s.. Hence |G(s)| < 1.
Therefore G(s) exists, and dominated convergence theorem implies continuity with respect to s:

lim G(s) = G(sp), if Re(s) 20 and Re(sg) = 0.

s— S0

Also if Re(s) > 0, then

T _eo—sE ( B P 13
S ige ¢,

oG

() | G
ORe(s) OIm(s)
exist on Re(s) > 0. Obviously Cauchy-Riemann equations hold, implying regularity of G on Re(s) > 0.
O

is bounded uniformly in £ 2 0, hence dominated convergence theorem implies that

For later applications, We note a basic implication of regularity of genrating function at 0.

00 34 Let {P, | u € U} be a family of Borel probability measures supported on non-negative reals
indexed by an arbitrary set U, and for each uw € U, let

Gu(S) = ‘/[0 )e_sipu(df)v

be its generating function, defined (according to 00 33) on Re(s) = 0. If there exists a positive constant
C such that

sup G, (—C) = sup/ PP, (d€) < oo,
uelU u€U J O

then the family of Borel probability measures {P,, ., | v € U} is tight, and all the moments are uniformly
bounded, and uniformly integrable. Namely, for each p = 0,

sup /000 &PP,(d¢) < oo, lim sup /00 &PP,(d¢) = 0.

uel —Oueld JK



00 . For each p = 0 there exists £, > 0 such that if £ = &, then e“¢ > ¢P. Hence

o0 o0
sup [P S sup [ e Pude) 4+ < .
ucU Jo u€U Jo

Next, put

M= sup [P, () (<o)
ueU Jo

Note that if K > 0, then

1 M
sup [ @) S oswp [ @R <
ueU JE2K K yeu 2K K
Hence -
lim sup/ EPP,(d€) = 0.
K—ooyeu Ji
O
O 10 An alternative proof of tightness.
Put o
M =sup [ ep, ),
ueld JOo
. 1 M—-1+¢
and for e > 0 define a constant independent of u by K = ol log—— . If ¢ =0, P,(d¢)-a.s., for all

€
u € U, then the claim trivially holds. Otherwise M > 1, hence K > 0. Then, since P, is supported on
non-negative reals,

M1z [P = (O - DP(E, ) = LR ),

which implies Py ((K,00)) < € for allu € U. a

In the following, we will use several basic facts related to weak convergence of probability measures,
which we summarize in §A.7.
We also note an elementary property.

00 35 Let P,, n=1,2,3,---, be a sequence of Borel probability measures on reals, and assume that it
converges weakly to a probability measure P*. If P, is supported on non-negative reals for all n, then P*
is also supported on non-negative reals.

O 11 The proof below obviously holds also when the index n is a continuous parameter. It also holds
(with a standard generalization) when the space in consideration is any topological space and the probability
measures are supported on any closed subset. <

0 0O . Weak convergence implies
P*((—O0,0)) < lim Pnk’u((—O0,0)) =0,
k—o0

which implies that P is supported on non-negative reals. O

We are interested in the case where §B.1.1 is applicable.

00 36 Forn=1,2,3,---, let P,, be a Borel probability measure supported on non-negative reals [0, 00),
and let G, be its generating function

Gnls) = /OOO e P (d6),

defined, according to 0 O 33, on Re(s) = 0. Assume that there exists C > 0 such that G, n =1,2,3,- -,
are reqular functions on |s| < C, and also assume that there exists a regular function G* on |s| < C such
that

lim G,(s) =G*(s), |s|<C, (71)

n—oo
pointwise.
Then P, converges weakly to a Borel probability measure supported on non-negative reals, whose
generating function is defined both on Re(s) 2 0 and |s| < C, and is equal to G* on |s| < C.
Furthermore, if we denote the analytic continuation of G* to Re(s) = 0 also by G*, then G,(s)
converges to G*(s) uniformly on compact sets in {s € C | Re(s) = 0}.



B.1.3 Uniform weak convergence.

The estimates given by [0 0 30 is uniform in v € &. This implies further uniformity results in u, when U
is a topological space. In this section we focus on uniformity in w.

To be specific, let U be a complex neghborhood of a finite closed interval on reals, say [0, 1], in the
following.

First we introduce a new notion of uniform weak convergence. Let P, ,, n € N, v € [0,1], be a
family of Borel probability measures on reals. We say that P, , converges weakly as n — oo to a Borel
probability measure P uniformly in v € [0, 1], if

lim sup |Pun(A) = Pi(A)] =0, (72)

N0 4el0,1]

for all Borel set A, satisfying P(0A4) =0, u € [0, 1].
The following theorem gives a sufficient condition for a family of measures to converge uniformly, of
which we will give an application in the later sections.

00 37 Let pyp, n=1,2,3,---, ¢%, u € [0,1], be the characteristic functions of Py, n =1,2,3,---,
P, u e [0,1], and assume that the following hold.

(1) For each t, ¢un(t) converges as n — oo uniformly in u to ¢k (t):

lim sup |Gun(t) — dus(t) =0, t€R,
]

N0 yelo,1

(ii) For each n and t, ¢y n(t) is continuous in w:
im |pu n(t) — dun(t)| =0, tER, neN,
u —u
(ii5) {P} | w e [0,1]} is tight:
lim sup P;([-K,K]°) =0,
K—oo ue[oJ]

(iv) Pr, uwe[0,1], has density functions p,, w € [0,1], which are uniformly bounded:

P} (dx) = py(z)dz, sup  pyu(z) < o0.
z€R, ue(0,1]

Then P, ,, converges weakly as n — oo to P uniformly in u € [0, 1].
We are interested in the case where the results in §B.1.1 are applicable to deduce uniformity in u.

00 38 Assume, asin 00 32, that for eachu € U {gn.} satisfies the assumptions given in the beginning
of §B.1.1. Assume furthermore, that g1.,(s) is reqular in uw € U for each s.

Then, in addition to all the consequences in O 0O 32, the convergence of gn.(s) to gk(s) is uniform
in (s,u) € K x [0,1] for any compact set K C{s € C| |s] < Cuxo}.

00 32 and OO 38 can be rewritten in exponentiated form.

O 39 Let Ay, u €U, be real numbers satisfying

_ = inf 1.
A inf Ay > (73)
Let G, o, be complex valued functions of complex variables, indexed byn =1,2,3,--- and u € U, satisfying

the following.
(i) G1,u(0) =1 and G ,(0) = -1, u e U.
(i1) There exists Co > 0 such that for any uw € U, G1,(s) is reqular on |s| < Cy, and

sup  |Giu(s) — 1< 1. (74)
|s|SCo, ueU



(iii) Foruel andn=1,2,3,---,
Grn+1,u(8) = G1u (= 10g Gr i (s/A0)), (75)
wherever the right hand side is defined and regular.
(v) Gi1.4(s) is regular in w € U for each s,
Then there exists Coo > 0 such that for each u € U,

lim G, (s) = G, (s),

n—oo

uniformly in (s,u) € K x [0,1] for any compact set K C {s € C | |s|] < Cx}, where G}, is a regular
function on |s| < Cw satisfying the defining equations G%'(0) = —1 and

G (s) = Gru(=Aylog G (s/ M) (76)
Gn,u and G, satisfy

. n=1,23-, uel,

| —log Gru(s) — s| £ Muols|?, |s| <
| < Coo ,uEL{

| —log Gy (s) — s| < Muo|s?, s
for some positive constant My, , and

|Gu(s) =1+s| < M'[sf?, |s|<C", n=1,2,3,--, uell,
|G (s) — 14+ s8] < M'|s]?, ||§C’ uEU,

for some C' >0 and M’ > 0.

00 40 Forn=1,2,3,--- andu €U, let P, ,, be a Borel probability measure supported on non-negative
reals [0,00), and let Gy, be its generating function

Grul(s) = /O - e %P, ., (d6). (77)

Assume that all the assumptions in O 39 hold for Gy, and A, uw € U.

Then, (75) holds also on Re(s) 2 0, and for each u € U, P, ,, converges weakly as n — oo to a Borel
probability measure P, supported on non-negative reals, whose generating function G (s) is defined and
satisfies (76) both on Re(s) = 0 and in a neighborhood of 0, say |s| < Cuy. G5'(0) = —1 and (76)
uniquely determines G, .

Gru and G, satisfy

| —log Gpu(s) — s| £ My|s|?, [s| £ Cx, uel,
| —log G (s) — s| £ Muo|s|?, |s| < Cuo, u e,
for some positive constant My, , and
|Gru(s) —1+s| S Ms]?, |s|<C", n=1,2,3,---, ucl, (78)

and a similar uniform estimate for G, for some C' > 0 and M’ > 0. In particular, the family of
measures {P; |u € U} U{P, . | u €U, n € N} is tight.
Also,
lim G, .(s) = G,(s),

n—oo
(i) uniformly in (s,u) € K x [0,1] for any compact set K C {s € C||s| < Cx},
(ii) uniformly on compact sets in Re(s) 2 0, for each u € U,

(iii) with additional assumption sup M\, < oo, uniformly in u € [0,1], for each s satisfying Re(s) = 0.
u€(0,1]

If lim Gy u(s) = Giu,(s) uniformly on |s| £ Cy for a ugp € U, and hm Ay = Ay, then PF —
U—ruUQ

Py weakly as w — wug. In particular, the characteristic function ¢, (t) = / e‘/__EtP; (d€) satisfies
R
lim @7 (t) = ¢y, (t), for each t € R.

U—UQ



O 12 (i) Note that G'TW(O) = —/O )an,u(df), hence for a Borel probability measure with finite

non-zero mean m, Gy, ,(0) = —1 is possible by scale transformation, i.e., by defining P, . as an
image measure of & — &/m. Thus the assumption G'l,u(O) = —1 is not an essential restriction.

(i1) We stated uniformity in u of the convergene of Gn.(s) for each s satisfying Re(s) = 0 (with
additional assumption). It may be possible that we may also have uniformity in (u,s) on compact
sets on Re(s) = 0, similarly as we stated for |s| < Co . This is left open.

O

B.1.4 Canonical ensemble defined by iteration.

We now give a situation where all the assumptions in the previous theorems hold, with additional prop-
erties of exponential decays of characteristic functions and the existence of smooth densities, for which
we summarize some basic facts in §A.8.

Let U be a bounded open complex neighborhood of closed interval on reals, say [0, 1], and for each
u €U let &1, be a regular function defined by power series:

(o)
D ,(2) = ch,uzk, (79)
k=0

with following properties among the coefficients:
(i) chuz=0,k=1,2,3,--,
(i) coyw =c1u4 =0,
(iii) irellfA c2. >0,
(iv) There exists k > 2 such that inlli{ Chu > 0,
ue

(v) The radius of convergence r,, of (79) is uniformly positive in u; inzf4 Ty > 0.
u€

(vi) 7, is continuous in u € U, 1 ,(z) is continuous on {(u,z) € U x C | |z| < r,}, where U is the
closure of U, and @ ,(z) is continuous on {(u,z) €U xR [0 <z < 7y }.

(Polynomial is not excluded for @4 ,,. r, = oo is also allowed.)

O 13 (i) Uniform positivity of ca, and c,, are used only to prove uniform positivity of variance of
characteristic functions in O 0O 45, which in turn is used to prove that their density functions are
bounded uniformly in u.

(i) Continuity of ®1.,(2) on (u,z) with u € U is used in the proof of O 0 43 to prove (74). To prove
continuity in u of xc, and A, tn O 0O 41, continuity in u € U and real z suffices.

<&
Note the following simple properties.
OO 41 For each u € U the following holds.
(i) 191,0(2)] £ B1u(l2]), 2] < 7o
(ii) For each u € U there exists a unique positive real T¢ o, < 1 such that
Q1 u(Teu) = Teu - (80)

(iti) Mo = ¥ (Ten) = 2, u € U.

(1) xcn and Ay, are continuous in u € U.



O 0. The first claim is obvious from the definition.
It also obviously holds that ®1,(0) = @ ,(0) = 0, inf o () = & ,(0) = c2, > 0. Therefore
' 20 ' ’

fbiu(w) — 1 is increasing in x = 0, negative at x = 0 and diverges to +oco as z — r, . Existence and
uniqueness of fixed point follows.
Since the terms in (79) are degree 2 or higher, we have

@, () 2

2
—®y u(x), 0227y,
x

(bl,u(xc,u)
Teu
Note that continuity of ®1,(z) in {(u,z) € U xR |0 < 2 < r,} and A\, = @] ,(7cu) = 2 imply

that x.,, is continuous in u. In fact, if not, then there exists ug € U, a sequence u,, €U, n =1,2,3,- -,

y € [0, ry,] such that nan;o ul, = uo, nlLII;o Tew =Y F Tew,- Continuity of @1, () then implies, by letting

Therefore A\, = 2 =2.

n — 00 in @1 (Tewr) = Teur, , Prug(y) =y, which contradicts @1 o (Teue) = Teyug > Teuo 7 Y, and
uniqueness of the fixed point.
Since ., is continuous in v and, by assumption, ® ,(z) is continuous in (u, ), A, = @iu(mcu) is
also continuous in u.
O

Let @4, n=1,2,3,---, be a series of functions defined inductively by
(I)nJrl}u(Z) = (I)Lu(q)n,u(z))a n= ]-a 2, 33 Tty (81)

wherever the right hand side is defined and regular. There are many nice estimates [33, 37, 34] on
asymptotics of ®,, , , among which we note the following.

OO 42 For each u € U the following holds.
(i) For eachn=1,2,3,-++, @, ,(Tcy) = Tew and ‘I)'n,u(iﬂc,u) =7

(i) If 0 £ © < Ty , then

lim @, ,(z)=0. (82)
(i11) If 0 £ © < ¢, then L
lim 27" log ®,(z) < 0. (83)
n—oo
O 14 The last claim (83) is used in (87). <&
Put 1
Gn,u(s) - —(I)n,u(ei)\gnsxc,u)a n = ]-, 2a 3, e, U S [/{, (84)

Le,u

whenever the right hand side is defined and regular in s.
00 43 The following holds.

(i) Each G, . is a generating function of a Borel probability measure supported on non-negative reals
[0,00). Namely, there exists a Borel probability measure P, ,, supported on {kA,;" | k=10,1,2,---} C
[0,00) such that (77) holds.

(1i) Gn satisfies all the assumptions in O 0O 40 (except those assumed in the last half of OO0 40 as
additional assumptions), with A\, defined in 00O 41.
In particular, all the results in O O 40 that are derived without additional assumptions hold.

(iii) Put @) (t) = G, (—v—1t), t € R, where G}, is that given in the consequences of 00 40. Then P}

(also given by OO 40) and ¢, satisfy all the assumptions in O 0O 28 with P = P} and pp = ¢},
and b=2, A= A\, .

In particular, all the corresponding results in 0 O 28 hold. Namely,



(a) There ezists Cy,, >0 and Cy, > 0 such that

V.
05 (8)] < CoeCrultl™ e r, (85)

log 2

log Ay

(b) There exists a non-negative valued C> function p, on R such that Pf(d€) = p,(£)d¢ and py,
is supported on [0, 00).

where v, =

To obtain uniform bound of density p, , we need uniform lower bound of variance. Note that m, =

[epiag 1.

00 44 The variance v, of P}, defined by v, = /(5 —1)2P*(d¢) = 1, is uniformly positive; il[%fl] Uy >
uel0,
0.

0 O . Note that )
on(Aut) = m—@l,u(%’;(t)fc’u)' (86)

c,u

By differentiating (86) twice, putting ¢ = 0, and using ¢*'(0) = v/—1m,, = v/—1, and <I)’17u(mc’u) = Ay,
we have

Vudu( Ny — 1) = xc,ufbll'}u(xc,u) =AMy = 1).
Using (79), and noting

oo
k
Teu = (bl,u(xc,u) = E Chule s
k=0

and

00

/ k-1

Ay = (bl,u(xcﬂl) = E :kckﬂtmc,u )
k=0

we further have 1
Vudu(Ay — 1) = 92 Z (n— m)%mucm,uxzzmi?

n,m=0

By assumption, there exists k > 2 such that inf }c;@u > 0, hence

u€lo,
inf v, = L inf (couck ¥ )>0
we01] “ T (k—2)2 sup Au( sup Ay — 1) wefo,1) IO '
wel0,1]  wel0,1]

(infye[0,1] Te,u > 0 holds because .., is continuous in u.)

O 15 The proof relates scaling limit to statistical expectations. In other words, the proof shows that
(86) implies that the expectations with respect to P can be rewritten as the expectations with respect to
another probability measure on non-negative integers, which is formally directly seen from the original
setting (79) and (84). &

00 45 (i) There exists C > 0 such that

sup e p, (€) < 00, weU.
£eR

(C' can be chosen to be independent of u, i.e., we have uniform decay of p(§) as & — oo. However,
note that this claim does not imply that p is bounded uniformly in u. We have to prove the latter
property separately.)

(i) pu(§) >0,>0,uecl.



_n 1 g2 2
(i1i) Forb>0andn=1,2,3,---, put by, = hp o = b, "V and g,(§) = gn,u(§) = me &/ C@hn ),
& € R. Then for each w € U. there exists by > 0 such that if b > by then

lim Rgnm(f-n)Fhw(dn)==pu(£% (87)

n—oo
uniformly in £ € R.
(iv) @k (t) is continuous in (u,t) € [0,1] x R.

(v) The constants vy, Ci 4, Ca, in (85) can be chosen to be independent of u € [0, 1].

In particular,
sup sup p,(§) < oo.
£ER uel0,1]

O 16 (i) Possibly, the constant by in the theorem can be chosen to be independent of u € U, and the
convergence in (87) may be uniform in w. This is left open.

(i) Is it possible that (85) and related assumptions (originally from the second assumption in O 0O 28)
would imply P({0}) = 0 and the tightness of {P,} on (0,00) (namely, the mass of P, do not
accumulate at {0} ), and consequently uniformity of convergence lim G,(s) = G(s) on Re(s) = K,

n—oo

which did not hold in general from the assumptions in O 0O 369
<&

The following is a direct consequence of 0 0 43, 00O 45, and O O 37.

0 46 P, , in 00 43 converges weakly as n — oo to Py uniformly in u € [0, 1].
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